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• ∂p0

∂x
> 0

G ∂u0

∂x
< 0

��!�")5}X¿.2;L>A*Z.0Q:I?,�!F8:*-,2&-&+@:*-,pKj*Z.A1}3?,<5T(/GB*-,<(Z.0*-1}365:K9MF>PO
´ 36(+E`.pXV./;L>A*Z.0Q:I?,~8:*-,2&Z&+@:*-,)Kj*Z.A1}3?,<5T(�(+EB,)QR>A@:5B1B.0*+|9IJ.2|L,<*-&�Oq36I6IvQR,�(+E:365�U�(+EB,<36*_(+E:3?CZsT5B,2&-&{�z./|z,<;L,<5
1:,2C<*-,/.A&-,D1:>/Oq5B&-(+*-,/.0�b[]w ´ 36(+E�.05r@:5}XV./;L>A*Z.0Q:I?,DKj*Z.A1}3?,<5o(�(+EF.0(�3?&t5B>A(�(+EB,'C/.A&-,�#=(+EB,)QR>A@:5B1B.0*+|zIJ./|L,<*
�z.2|p(+EB,<5�.0I?&->qQR,�,]^}8v>j&-,21�(->%$�c�& �/n('}hAi+hj�Y�VcAe�GÊOqEB,<*-,_&+(+*-,/.0�NI6365B,2&¾365�(+EB,�QR>A@:5B1B.0*+|pIJ.2|L,<*¾@:8B&+(+*-,/.0�
365W365}µB5:36(-,2&+36�z.0I�1}3?&+(Z.05BC2,SXY*->A��(+EB,	O�.0I6I�Oq36I6I*)+>A@:*+5B,<|�>A@:(D365T(->`(+EB,ÃMB@:3?1�.0(D(+EB, �2n(':hAiÌhL�Y�YcAe+'}cA��eF�
>A5�(+EB,rO{.0I6I¿w�x�X~&->:G�(+EB,`&->AI6@:(+3?>A5¢>0X)(+EB,`Ä�@:I?,<*9,2�T@F.0(+3?>A5�Oq36I6I�QR,z365T;A.0I63?1�Gt(->�(+EB,`,]^}(-,<5o(N(+EF.0(�36(
8:*-,2&+@:8:8R>j&-,21N(+EB,�MF>/O¸(->pXY>AI6I?>PO¸(+EB,qO�.0I6I¿w�x�5b.05r.AC<(+@F.0IBMF>/O¶8:*->AQ:I?,<��GoQR>A(+E9(y|T8R,2&��z./|	QR,q8:*-,2&-,<5T(
&+36�S@:I6(Z.05B,2>A@B&+I6|LGB365�1}3���,<*-,<5o()*-,<Kj3?>A5B&)>0X�(+EB,DMF>/O�w

´ ,�Oq36I6I~EF.2;L,�(->�8v>j&-(+8v>A5B,`(+EB,�*-,/.A&->A5¢XV>A*N(+EB,�.0QR>/;L,<�9,<5o(+3?>A5B,21�C<IJ.A&-&-3�µFC/.0(+3?>A5¸(->�(+EB,�5B,]^}(
C-EF.08:(-,<*/w�,j@B&+(q5B>PO O_,DOq36I6IHC2>A5T(-,<5o()>A@:*-&Z,<I6;L,2&�Oq36(+E`µB5B1}365:Kb.05�,]^}8:I63?C<36(�&->AI6@:(+3?>A5�>0X�(+EB,DQv>A@:5B1B.0*+|
IJ.2|L,<*~,2�o@F.0(+3?>A5B&�XY>A*q(+EB,�C/.A&Z,DOq36(+E�..-/,<*->N8:*-,2&-&+@:*-,�Kj*Z.A1}3?,<5o(/GBOqEB,<*-,�(+EB,DMF>/O 8:EB,<5B>A�9,<5F.b.0*-,D5B>A(
�T@F.0I636(Z.0(+36;L,<I6|`1}3���,<*-,<5o()X�*->A� OqEF.0()O_,p�z./|`,<5BC2>A@:5T(-,<*)XV>A*).SX¿.2;L>A*Z.0Q:I?,�8:*-,2&Z&+@:*-,DKj*Z.A1}3?,<5o(/w

/×ÞoÒ2Ò]ËVÉÌìàÚ'ËVÓjÉ+Î10/ÔÜÏ0ïPçÊÍ¿ÈÊÉ�ËVÒ]ìÜßÊÍ¿ÔÜÒ]Ï'ìÖÒ2Ò10/Ë¾ÔÜÏDÎ_ËVÉÌÏ0ËVÉ�ËVÔÜîqÔÜìÖÎZÑ¾ÔÜÑVÑ¿É×ËVÓjÉÌÕ×Í¿ÔÜØ<ÉÌìàÚ~ÒlÛ}Í¿ÈÊÉ�ìÜÉÌÏ0ïZÍ¿ÈDËVÕ+ÎlìÜÉ�ÔàÍHÔÖË¹ËYÍ¿ß0ÐÊÔÜÉ+Ð~ÒlÏTê
2×ë\ÏpÍ¿È0Étì ÎZËYÍ�ÕyÈ0ÎlÓPÍ¿É×Ñ�ÒZÛvÍ¿È0É×ËVÉ_ìÜÉÌÕ×Í¿ßPÑ¿É{ÏÊÒlÍ¿ÉÌË�ívÉ_í¹ÔÜìÜìBÕÌÒ]ÏÊËVÔ ÐPÉ×Ñ�Î�ËVÔÜîqÓ0ìÜÉ{ÙÊßÊÍ¾ÉÌÓjÒ2ÕyÈ43Jî�Î10/ÔÜÏ0ï)ÎlÓÊÓ0ìÜÔÜÕ+ÎZÍ¿ÔÜÒ]ÏÃÒlÛgÍ¿È0ÔÜË

0/ÔÜÏAÐoê
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� ¯	«v¦���-£
+ ,<('@B&~&-8v,2C<3J.0I63 -/,S(->r.NX�*-,2,]�VMF>PO�&->AI6@:(+3?>A5�OqEB,<*-,S(+EB,ÃµB*-&+()(-,<*+��>A5�(+EB,�-0/ º >0X~UVÁ}wÜÁL[~1}3?&Z.08:8R,/.0*-&/G&+365BC2,D(+EB,�&Z>AI6@:(+3?>A5�36�N8:I63?,2&

Λ = Π = 0
�

u0(x) = û0 =
sL>A5B&+(Z.05T( UVÁ}w6Â&�L[

��EF.0(�3?&'.	@B&-,]X�@:I�.08:8:*->2^}36�z.0(+3?>A5�XV>A*�365B&+(Z.05BC2,DXV>A*qMF>PO 8F.0*Z.0I6I?,<IH(->z.�Mg.0(�8:IJ.0(-,�365�.	@:5:3�XV>A*+� MF>PO�G
Oq36(+E

x = 0
.0(�(+EB,z8:IJ.0(-,�!à&Ã@:8B&+(+*-,/.0� ,21}KL,jw`��EB,NQv>A@:5B1B.0*+|7C2>A5B1}36(+3?>A5B&SXV>A*�(+EB,9&->AI6@:(+3?>A5�>0X+UVÁ}wÜÁL[

.05B1·UVÁ}w ð [{QR,2C2>A�9,�
u = v = 0 (y = 0 , x ≥ 0)

UVÁ}w6Â �j[
lim

y→∞

u = û0

UVÁ}w6Â/ÁL[
xy5�(+EB,Ã&-C/.0I?,21�&-|=&+(-,<� UVÁ}w6ÂjÂP[��vUVÁ}w6Â ,T[~.0I6IH1:,<8R,<5B1:,<5BC2,Ã>A5

L
Oq36I6I¹5B>/O"C/.05BC2,<I¿w_��EB,�&-|=&+(-,<� >0X�,2�T@F.Ê�

(+3?>A5B&�1:,2&-C<*+36QR,2&~. � � hAm?nS�\e �ÊhAi]�YhAeg�t8:*->AQ:I?,<�+#F(+Eo@B&�O{,Ã.0*-,p,2&-&-,<5T(+3J.0I6I6|�C2>A5B&+3?1:,<*+365:KB�
• À�I?>/O 8F.A&+(~.�&-,<�N3��¿365}µB5:36(-,Ã8:IJ.0(-,

%q.A&-,21z>A5b(+EB,)C2>A5B&+3?1:,<*Z.0(+3?>A5B&�.0QR>A@:(_&ZC/.0I?,�365o;j.0*+3J.05BC2,'O_,'.0I6*-,/.A1}|9sT5B>PO¸(+EF.0(
x′
.05B1

y′
�S@B&+({,<5T(-,<*

(+EB,Ã,2�T@F.0(+3?>A5B&�3654.N8F.0*+(+3?C<@:IJ.0*~C2>A�SQ:365F.0(+3?>A5¹w���EB,�&->AI6@:(+3?>A5�XY>A*)(+EB,�;L,<I?>=C<36(�| !à&
x
C2>A�N8R>A5B,<5o('�Ã@B&-(

EF.2;L,�(+EB,DXY>A*+�
u = û0g(η) , η = C

y√
x

, C =

√

û0

ν

UVÁ}w6Â ð [
OqEB,<*-,

g(η)
3?&_.05z@:5:s=5B>/Oq5bXY@:5BC<(+3?>A5¹w�x¿X�O_,~365o(+*->=1}@BC2,D.�&+(+*-,/.0� X�@:5BC<(+3?>A5

Ψ
GoO{,qµB5B1936�N�9,21}3J.0(-,<I6|

Qo|`@B&+365:K9Ät�T&/w¹Uy�}�T[{(+EF.0(�36(q�S@B&+(�QR,DKj36;L,<5�Qo|

Ψ = û0

√
x

C
f(η) , g =

∂f

∂η
= f ′

UVÁ}wÜ» %L[
OqEB,<*-,N.05B>A(+EB,<*)XY@:5BC<(+3?>A5

f(η)
EF.A&)QR,2,<5�365T(+*->T1}@BC2,21�w %{|`XY@:*+(+EB,<*'1:,<*+36;j.0(+3?>A5B&DO_,ÃµB5B1�(+EB,Ã*-,2&+(D>0X

(+EB,�,]^}8:*-,2&-&+3?>A5B&�,<5T(-,<*+365:KbÄ��vw¹UVÁ}wÜÁL[]���

v = û0{−f + C
y√
x

f ′} 1

2C
√

x

UVÁ}wÜ»}ÂP[
∂u

∂x
= −û0f

′′
Cy

2x3/2

UVÁ}wÜ»j»L[
∂u

∂y
= û0f

′′
C√
x

UVÁ}wÜ» )L[
∂2u

∂y2
= û0f

′′′
C2

x

UVÁ}wÜ» ,T[
��EB,2&-,4,]^=8:*-,2&Z&+3?>A5B&bC/.05u5B>/O�QR,�365B&-,<*+(-,21u365T(->uUVÁ}wÜÁL[]w"ÀB>AI6I?>/Oq365:K C/.05BC2,<I6IJ.0(+3?>A5B&PG�*-,21}@BC<(+3?>A5 >0XS.
C2>A�N�9>A5�X¿.AC<(->A*/Go.05B1�@B&-,�>0Xg(+EB,q1:,]µB5:36(+3?>A59>0X

C
GAO_,q,<5B1�@:8�Oq36(+EN(+EB,	��m�h �]�\d#�~n
	<d:hj�Y�VcAe�GT.DC2>A�N�9>A5

��� ÍVÑ¿ÔÜÕ×Í¿ìàÚ�ËVÓjÉ+Î10/ÔÜÏ0ïPçPÍ¿ÈÊÉ�ÕÌÒlÏAÐPÔÜÍ¿ÔÜÒlÏDÎZÍRÔÖÏ��AÏÊÔÜÍ\ÚqîqÔÜï]È2ÍRÈ0Î+Ø<É�ÙjÉÌÉ×Ï)Û�ÒlÑ¿î{ßÊìÖÎZÍ¿É+Ð)ÎlË
y → ±∞

ç/í¹È0É×Ï)Í¿ÈÊÉ×Ñ¿É�ÔÜË��0Ò-í�ÒlÏÙjÒlÍ¿È~ËVÔÖÐÊÉÌËHÒlÛ}Í¿ÈÊÉ�Ó0ìÖÎ-Í¿É]êgÇRÈ0ÔÜË¾ÕÌÎlÏDÙjÉ�Ñ¿É×ÓAÎlÔàÑ¿É+Ð~ÔÖÏ~Í¿È0É��0ÏAÎlìoÉ��PÓÊÑ¿É×ËVËVÔÖÒlÏDÙ2ÚqÑ¿ÉÌÓ0ìÖÎZÕÌÔÜÏ0ï
η
ÔÖÏ

f(η)
Ù/Ú

|η |
ç0ËVÒ{Í¿ÈAÎ-Í�Í¿È0ÉÑ¿ÉÌËVßÊìÜÍHî�ÎÌÚ�ÙjÉ�ÔÜÏ2Í¿É×Ñ¿ÓÊÑ¿É×Í¿ÉÌÐ'ÎlË�Í¿ÈÊÉ�ËVÒ]ìÜßÊÍ¿ÔÜÒlÏDÛ�ÒlÑ¹Í¿ÈÊÉ��AÒ+í�Ò]ÏDÙjÒZÍ¿È'ËVÔÖÐÊÉ×Ë¾ÒZÛBÎlÏDÔÜÏ��AÏ0ÔàÍ¿ÉÌìàÚ�Í¿È0ÔÜÏ~Ó0ìÖÎZÍ¿É]ê

���FÚ_ÔÜÏ2ÍVÑ¿Ò/ÐÊßÊÕÌÔÜÏ0ï�Î�ËYÍVÑ¿É+Îlî�Û�ß0ÏÊÕ×Í¿ÔÜÒ]ÏtíRÉ�ÈAÎ+Ø<ÉgÔÜîqÓ0ìÜÔÜÕÌÔàÍ¿ìÜÚtÓPÑ¿ÉÌËVß0ÓÊÓjÒ]ËVÉ+ÐtÕÌÒ]Ï2Í¿ÔÜÏ/ß0ÔàÍ�Ú2ê �"!Aê�#?äPê ã%$}í¹ÔÜìÜì/Í¿È0ÉÌÏtÙjÉvÍVÑ¿ÔÜØ/Ô ÎZìÜìÜÚË¿ÎZÍ¿ÔÜË&�0É+Ð
# 'YßÊËYÍ¹ÍVÑVÚ)( $yçÊÎlÏ0Ð~íRÉ�ÐPÒ{ÏÊÒlÍHÏ0ÉÌÉÌÐ)Í¿Ò�ÙjÒZÍ¿È0É×ÑHÎZÙjÒ]ßÊÍHÔàÍ¾ÎlÏ2Ú)îqÒlÑ¿É]ê



ð � �����������
	����������������	�������������	�� �!���"�
	$#

5B>A5:I6365B,/.0*~1}3���,<*-,<5o(+3J.0I�,2�o@F.0(+3?>A5¹���
ff ′′ + 2f ′′′ = 0

UVÁ}wÜ» �L[
��EB,�C2>A*+*-,2&+8R>A5B1}365:K9(+*Z.05B&ÌXV>A*+�9,21�QR>A@:5B1B.0*+|`C2>A5B1}36(+3?>A5B&)QR,2C2>A�9,

f = f ′ = 0 (η = 0)
UVÁ}wÜ» �L[

lim
η→∞

f ′ = 1
UVÁ}wÜ» �j[

��EB,�&->AI6@:(+3?>A5W>0Xt(+E:3?&'5B>A5:I6365B,/.0*�&+|=&-(-,<� C/.05�>A5:I6|�QR,S>AQ:(Z.0365B,2145o@:�9,<*+3?C/.0I6I6|Lw���xy('3?&~s=5B>/Oq57.A&~(+EB,
��m�h �]�\d#� 'gi+c���m?n���.05B1�3?&�&+EB>/Oq5�Qo|r(+EB,�&->AI63?1�C<@:*+;L,p365�À�36Kj@:*-,ÃÁ}wÜ»}wtx�(qEF.A&q(+EB,�8:*->A8v,<*+(+3?,2&	�

f ′(η) = 0.99
XY>A*

η = 4.99 . . .
UVÁ}wÜ»jÁL[

lim
η→0

f ′′(η) = 0.332 . . .
UVÁ}wÜ» ð [

%{|�@B&+365:K	(+EB,)C2>A5o;L,<5T(+3?>A5�.0Qv>A@:(
1%

1:,<;=3J.0(+3?>A5zXY*->A� (+EB,�X�*-,2,]�VMF>PO¶;j.0I6@B,~.A&�.�1:,]µB5:36(+3?>A5`>0X�(+EB,
QR>A@:5B1B.0*+|rIJ./|L,<*�(+E:3?C-s=5B,2&-&/GBO_,�1:,<(-,<*+�N365B,Ã(+EB,p8:*->A8v>A*+(+3?>A5F.0I636(y|�C2>A5B&+(Z.05o(~365�Ä��vwHUy�}�o[]����


y → δ = 4.99

√

ν

û0

√
x

UVÁ}w*) %L[
%{|r1:,]µB5:365:Kb1}3��R,<*-,<5T(�-),<|=5B>AI?1:&q5T@:�ÃQR,<*-&

Rx =
û0x

ν

UVÁ}w*)}ÂP[

Rδ =
û0δ

ν

UVÁ}w*)j»L[
�×ë\ÏÃÛ�ÒlÑtÉ��ÊÎlîqÓÊìÜÉ~Ý �vÉÌÏ0ÐÊÉ×ÑtÎZÏAÐ�¾Ñ¿ËVáÌÎlï	âÌã<ålä-æRÎZÏAÐ9Ý è�Õ�È0ÉÌËVÒlÏbâÌã]ã]é-ægÍ¿ÈÊÉ�É�!2ßAÎ-Í¿ÔÜÒ]Ï	ßÊËVÉ+Ðpí¹ÔÜÍ¿ÈÊÒ]ßPÍ�Í¿È0É{Û�ÎlÕ×Í¿ÒZÑ

2
ÔÜÏÛ�Ñ¿ÒlÏ2Í�ÒlÛ

f ′′′
çRÈ0Ò+ívÉÌØ<É×Ñqí¹ÔàÍ¿ÈbÍ¿ÈÊÉ'Ë¿ÎZîqÉ'ÙjÒ]ßÊÏAÐÊÎZÑVÚ9ÕÌÒlÏAÐÊÔàÍ¿ÔÜÒ]ÏÊËÌê`ÇRÈÊÔÜËqÔÖË�ÏÊÒSîqÔÜËVÓÊÑ¿ÔÜÏ2Í+çgÙ0ßÊÍ{Ñ�ÎZÍ¿È0ÉyÑ�ÎÃÑ¿ÉÌËVßÊìàÍ�ÒlÛ�Í¿ÈÊÉÉ�!2ßAÎ-Í¿ÔÜÒ]Ï�� Ë¹ËVÔÜîqÔÜì Î-Ñ¿ÔàÍ�Ú~ÓÊÑ¿Ò]ÓjÉyÑVÍ¿ÔÖÉ×Ë��gëJÛ

ff ′′ + αf ′′′ = 0
çPÍ¿È0É×Ï'ÔÜÏ2ÍVÑ¿Ò/ÐÊß0Õ×É

f(η) =
√

α h(η/
√

α)ÎlÏ0Ð)Ú2Òlß~í¹ÔÜìÜì=ÒlÙÊÍ�ÎlÔÜÏ
hh′′ + h′′′ = 0

ç
f ′(η) = h′(η/

√
α)
ê

� ë\Ï�ËVÒ]îqÉRÍ¿É �PÍ¿ÙjÒ2Ò10/ËFÔÜÏqÉÌÏÊï]ÔÜÏ0É×É×Ñ¿ÔÜÏ0ï �AßÊÔÖÐ_îqÉÌÕ�ÈAÎZÏ0ÔÜÕÌËBìÜÔ 0]É�Ý �ìÜËVÒ]ÏDâÌã]äléZæ?çjÝ �DÎlËVËVÉ×ÚDâÌã]ä��ZæLÎZÏAÐ~Ý ��É×Ñ¿È0ÎZÑVÍgÉ×ÍRÎZì6ê0â+ãlã��+æØlÎZÑ¿ÔÜÒ]ßÊËgËVÔÜîqÓ0ìÜÉ¹ÎZÏAÎlìàÚ/Í¿ÔÜÕ+Îlì0É��PÓÊÑ¿ÉÌËVËVÔÜÒ]ÏÊËRÎZÓ0ÓÊÑ¿Ò��PÔÜî�ÎZÍ¿ÔÜÏ0ï
f ′(η)

Û�ÒZÑRÓÊÑ�ÎZÕ×Í¿ÔÜÕ+Îlì0ß0ËVÉ¹ÈAÎ+Ø<É�ÙjÉÌÉ×Ï�ìÜÔÖËYÍ¿ÉÌÐoê���Ò+ívÉÌØ<É×Ñ+ç<Í¿ÈÊÉ×Ú_ÎZÑ¿ÉÏ0ÒZÍvËVÒlìÜßÊÍ¿ÔÜÒ]ÏÊËvÒlÛLÍ¿ÈÊÉ �gì ÎZËVÔÜß0ËRÉ�!2ß0ÎZÍ¿ÔÜÒ]ÏqÔÜÏqËVÒ]îqÉHÎZÓ0ÓÊÑ¿Ò��PÔÜî�ÎZÍ¿ÔÜÒ]Ïoç<ÙÊßÊÍBÑ�ÎZÍ¿ÈÊÉ×ÑvÓÊßÊÑ¿ÉÌìàÚ�Î]Ð�È0Ò2Õ¹ÕÌÒlÔÜÏ0ÕÌÔÖÐÊÉ×Ï/Í�ÎZìAÉ��PÓÊÑ¿É×ËVËVÔÖÒlÏ0Ëí¹ÔàÍ¿È0ÒlßÊÍ�ÎZÏ2ÚqÎlÏ0ÎlìàÚ/Í¿ÔÜÕ+ÎlìAÑ¿ÉÌìÖÎ-Í¿ÔÖÒlÏ)Í¿Ò�Í¿ÈÊÉHËVÒlìÜßÊÍ¿ÔÜÒ]Ï)ÒlÛoÍ¿È0É �vìÖÎlËVÔÜßÊË�É�!2ßAÎZÍ¿ÔÜÒlÏTêBÇ=Ò�î�Î �ÊÔÜîqÔÜËVÉ¹ÕÌÒ]ÏPÛ�ßÊËVÔÖÒlÏ��Bë\Ï�Û�ÒlÑRÔÖÏÊËYÍ�ÎlÏÊÕÌÉÝ �DÎlËVËVÉ×Ú9âÌã]ä��-æ?çgÝ Þ=ÎZÏAÐÊÎlßSÎlÏAÐ�ÞoÔÜÛ�ËVÈ0ÔàÍ¿á'âÌã]ä<å+æ?çgÝ ��ÎZß0ï]ÈÊÉ×ÑVÍ�ÚDÉ×Í�Îlì6ê:âÌã]ä]ã-ægÎlÏAÐNÝ ��É×Ñ¿ÈAÎ-ÑVÍ�É×Í�Îlì6êBâ+ã]ã��-æ?ç
f ′(η)

È0ÎlË�ÙjÉ×ÉÌÏÕ+ÎZìÖìÜÉ+Ð
f(η)

ê
��� Ò]ß0Ï0Ð~Ù2Ú��_ê �vìÖÎlËVÔÜßÊË¾ÔBâ+ãlé]äPê
 Ý �DÎZËVËVÉ×ÚDâ+ãlä��-æLÕÌÔàÍ¿ÉÌËgÍ¿ÈÊÉ�Ø]ÎZìÖßÊÉ

4.91
ÔÜÏ0ËYÍ¿ÉÌÎ]Ð�ÒlÛ

4.99
êFë\Ï�ÙjÒlÍ¿ÈqÕ+ÎZËVÉÌËvÒlÏ0É¹îqÔÜï]È2ÍFÓÊÑ¿ÒlÙAÎlÙÊìàÚ_Ñ¿Òlß0ÏAÐ_Ò�!)Í¿Ò

5
í¹ÔàÍ¿ÈÊÒ]ßÊÍÑ¿É+ÐPß0ÕÌÔÜÏ0ï_Í¿È0É"� ÓÊÑ�ÎZÕ×Í¿ÔÜÕ+Îlì#�AÎlÓ0ÓÊìÜÔÖÕÌÎlÙ0ÔÜìÜÔàÍ�Ú'ÒlÛ}Í¿ÈÊÉ�É��PÓÊÑ¿ÉÌËVËVÔÜÒlÏ0ËÌêÆ%$ èHÏ0ÒZÍ¿È0É×Ñ�ÕÌÒlîqîqÒ]ÏbÐÊÉ��0Ï0ÔàÍ¿ÔÜÒ]ÏbÒlÛ�Í¿È0É'ÙjÒ]ß0Ï0Ð0Î-ÑVÚ9ì ÎÌÚ2ÉyÑ)Í¿ÈÊÔÜÕ 0/Ï0É×ËVËqÔÖËqÍ¿ÈÊÉ'&�(*),+.-�/�0�132�134657598:(,0�;<4=13)>)

δ∗
ê �FÚzÍ¿ÈÊÉÐÊÉ �AÏ0ÔàÍ¿ÔÜÒ]Ï

∫

∞

0

(û0 − u) dy = û0δ
∗

Í¿È0É �vìÖÎlËVÔÜß0ËHËVÒ]ìÜßÊÍ¿ÔÜÒlÏpÓÊÑ¿Ò/ÐÊßÊÕÌÉÌËHÎlÏ~É��PÓÊÑ¿ÉÌËVËVÔÜÒlÏDìÜÔ 0]É�#?äPê �]é%$yçAÈ0Ò+ívÉÌØ<É×Ñ¹í¹ÔàÍ¿ÈpÎlÏÊÒlÍ¿ÈÊÉ×Ñ¹ÓÊÑ¿ÒlÓjÒlÑVÍ¿ÔÜÒ]Ï0ÎlìÜÔàÍ�ÚDÕ×Ò]Ï0ËYÍ�ÎZÏ2Í?�

δ∗ = 1.721

√

ν

û0

√
x
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À�36Kj@:*-,ÃÁ}wÜ»}� Å >A�N8F.0*+3?&Z>A5�>0X�(+EB,�(+EB,2>A*-,<(+3?C/.0I %{IJ.A&+36@B&q8:*->0µBI?,ÃOq36(+E�,]^=8R,<*+36�9,<5o(Z.0I�1B.0(Z.

XV>A*q@B&-,p>A@:(-&+3?1:,Ã.05B1�365�(+EB,�Qv>A@:5B1B.0*+|`IJ.2|L,<*/GF*-,2&+8R,2C<(+36;L,<I6|LG:O_,�>AQ:(Z.0365
δ

x
= 4.99

1√
Rx

UVÁ}w*) )L[

Rδ = 4.99
√

Rx
UVÁ}w*) ,T[

xy5	À�36Kj@:*-,qÁ}wÜ»D.0I?&->D,]^=8R,<*+36�9,<5o(Z.0IB1B.0(Z.)XV>A*
3
1}3��R,<*-,<5T(�;A.0I6@B,2&�>0X Rx

EF.2;L,�QR,2,<5	8:I?>A(+(-,21�w���EB,�1B.0(Z.~3?&
&-,2,<5b(->�X¿.0I6Ig>A5r(->A8r>0XH,/.ACZEr>A(+EB,<*�Oq36(+Er*-,/.A&->A5F.0Q:I?,D.AC2C<@:*Z.AC<|��u.	C2>A5}µB*+�z.0(+3?>A5�>0X¾&-C/.0I?,)365o;j.0*+3J.05BC2,jw
��EB,Ã.0Kj*-,2,<�9,<5T()Oq36(+E�(+EB,�,]^}8:I63?C<36(+I6|�&-C/.0I?,D365o;j.0*+3J.05o(~(+EB,2>A*-,<(+3?C/.0I %{IJ.A&+36@B&�C<@:*+;L,�3?&).0I?&->9,]^:C2,<I6I?,<5o(/w

%�Mg.0(�&+@:*ÌX¿.AC2,)O�.A&q.�8:*-,2&+@:8:8R>j&+36(+3?>A5rXV>A*_(+EB,'C/.0I?C<@:IJ.0(+3?>A5B&qI?,/.A1}365:K�(->Ã(+EB,�%{IJ.A&+36@B&�,2�o@F.0(+3?>A5¹w�xy(
C/.05�QR,N&+EB>/Oq5¹GHEB>/O_,<;L,<*`UV.0I6(+EB>A@:KjE·O{,�Oq36I6I�5B>A(�,<5o(-,<*�365T(->�36(l[~(+EF.0(�(+EB, 'D.2;=3?,<*Ì� º (->AsL,2&Ã,2�T@F.0(+3?>A5365`(+EB,DQv>A@:5B1B.0*+|rIJ.2|L,<*/GF,]^=8:*-,2&-&Z,21b365�C<@:*+;=36I6365B,/.0*)C2>=>A*-1}365F.0(-,2&q8F.0*Z.0I6I?,<I¹(->N.05B1`8v,<*+8R,<5B1}3?C<@:IJ.0*q(->9.
� d=i1�An+fz&-@:*ÌXV.AC2,jGo3?&t>0XR(+EB,�&Z.0�9,�XV>A*+��.A&�(+EB,�>A5B,�O_,�EF./;L,�(+*-,/.0(-,21z8:*->/;=3?1:,21

δ � R
GjOqEB,<*-,

R
3?&�(+EB,

*Z.A1}36@B&�>0XqC<@:*+;A.0(+@:*-,z>0X_(+EB,N&+@:*ÌX¿.AC2,jw
u0

�Ã@B&-(p(+EB,<57Qv,�,]^}8:*-,2&-&-,21WQT|�(+EB,9C<@:*+;=36I6365B,/.0*ÃC2>=>A*-1}365F.0(-,
.0I?>A5:K9(+EB,�&-@:*ÌXV.AC2,jw º 36�N36IJ.0*~*-,2&+@:I6(-&�C/.05�(+EB,<5�QR,p1:,<*+36;L,21`XV>A*�C<@:*+;L,21�&+@:*ÌX¿.AC2,2&/w''>A(+3?C2,`(+EF.0(9,<;L,<5¢3�X)O_,�@B&-,r(+EB,b(-,<*+� IJ.0�N365F.0*r.0Qv>A@:(�(+E:3?&N(y|T8R,`>0X~QR>A@:5B1B.0*+|$IJ./|L,<*/Gt36(�3?&9.
C2>A5B1}36(+3?>A5�(+EF.0(D(+EB,(-~,<|T5B>AI?1:&'5T@:�ÃQR,<*p3?&~5B>A(D(->=>b&-�z.0I6I¿w %{>A@:5B1B.0*+|�IJ.2|L,<*-&/GRQT|�1:,]µB5:36(+3?>A5�Oq36(+E7.
(+E:3?C-s=5B,2&-&'�Ã@BCZE7&+�z.0I6I?,<*D(+EF.05�(+EB,S(�|=8:3?C/.0I�I6365B,/.0*p&-C/.0I?,S>0X_(+EB,S&+|}&+(-,<��GR.08:8v,/.0*D3654(+EB,Ã5B>A5T;T3?&ZC2>A@B&
I636�N36( Rx � 1

w
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��EB,D;L,<I?>=C<36(�|`1}3?&+(+*+36Q:@:(+3?>A5�8:*-,21}3?C<(-,21�QT|b(+EB,$%{IJ.A&+36@B&qQR,2C2>A�9,2&�@:5B&+(Z.0Q:I?,p3�X Rx
3?&�(->T>	IJ.0*+KL,jw�xy5

.�IJ.0(-,<*	C-EF.08:(-,<*	O_,zOq36I6I_1:,2&-C<*+36QR,9(+EB,z(+*Z.05B&+36(+3?>A5�.05B1·(+EB,zC2>A5B1}36(+3?>A5�365·(+EB,��Yd=i/a]dTm?n]eF��Qv>A@:5B1B.0*+|
IJ.2|L,<*zOqE:3?C-E¢(+EB,<5¸,<�9,<*+KL,2&/w�%~I6I{QR>A@:5B1B.0*+|�IJ.2|L,<*-&9Oq36(+E

∂p0/∂x = 0
QR,2C2>A�9,`@:5B&+(Z.0Q:I?,`3�X~(+EB,<36*

1:>/Oq5B&-(+*-,/.0��,]^=(-,<5T(q3?&�IJ.0*+KL,p,<5B>A@:KjE¹w
/'>/O_,<;L,<*/GB@:5:I?,2&-&�(+EB,DI?,<;L,<I¹>0X¾1}3?&+(+@:*+QF.05BC2,2&)3?&_5B>A(q(->=>	E:36KjE¹G
(+EB,<*-,DOq36I6I¹QR,p.�&+36Kj5:3�µFC/.05o(�*Z.05:KL,�OqEB,<*-,D(+EB, -),<|=5B>AI?1:&q5o@:�SQv,<*�3?&�IJ.0*+KL,Ã,<5B>A@:KjE�(+EF.0(~.SQv>A@:5B1B.0*+|
IJ.2|L,<*)Oq36I6IH1:,<;L,<I?>A8¹GBQ:@:()&-(+36I6I¹&+�z.0I6I¹,<5B>A@:KjE�(+EF.0(�36(�&-(Z.2|}&qIJ.0�N365F.0*/w

��EB,SQv>A@:5B1B.0*+|�IJ.2|L,<*p,2�o@F.0(+3?>A5B&D1:,<*+36;L,21W.0Qv>P;L,	EF.2;L,�.0I?&->z;j.0I63?1�.08:8:I63?C/.0(+3?>A5B&D(->r&->A�9,S*-,<IJ.0(-,21
8:*->AQ:I?,<�9&/w�xy5�.0(�I?,/.A&+(q(yO_>bC/.A&-,2&qO_,ÃC/.05�µB5B1�,]^B.AC<().05F.0I6|T(+3?C/.0I�&->AI6@:(+3?>A5B&/G}365�X¿.AC<(/� �+�

• + .0�N365F.0*D»A¼ )Ì,<(
• + .0�N365F.0*~O{.0sL,ÃQv,<E:365B1�.�(+E:365�8:IJ.0(-,zUV.A&+|=�N8:(->A(+3?C/.0I¹Qv,<EF./;T3?>A*l[%"C<I?>j&+365:KzC2>A�N�9,<5T(/�t��EB,p(y|T8R,p>0X��z.0(+EB,<�z.0(+3?C/.0I¾8:*->AQ:I?,<�9&~.0*+3?&+365:Kz365�(+EB,p(+*-,/.0(+�9,<5o('>0X¾MF>PO�&

Oq36(+EN.qQR>A@:5B1B.0*+|pIJ.2|L,<*/GAEF.A&¾365B&+8:36*-,21Ã(+EB,_1:,<;L,<I?>A8:�9,<5o(�>0XF&->A�9,_&+8v,2C<3J.0I}.08:8:*->2^}36�z.0(+3?>A5��9,<(+EB>T1:&�365
.08:8:I63?,214�z.0(+EB,<�z.0(+3?C2&/w & 5B,	>0Xt(+EB,<� 3?&D,<;L,<5WC/.0I6I?,21 a+cAd=egfLhAi]k�m�hjkLn<i	���}n-cAilk�� %�,<5B1:,<*�.05B1 & *-& -P.0K
Â ð �AÁ���w xy5¶1}3���,<*-,<5o(+3J.0Ip,2�T@F.0(+3?>A5B&rOqEB,<*-,�(+EB,�E:36KjEB,2&+(`1:,<*+36;A.0(+36;L,�3?&z�S@:I6(+368:I63?,21uQo|¶.78F.0*Z.0�9,<(-,<*
ε
Gt*-,<Kj3?>A5B&NOq36(+E¶.W&+(+*->A5:KjI6|�;A.0*+|=365:K7&->AI6@:(+3?>A5 U ! QR>A@:5B1B.0*+|�IJ.2|L,<*-& !��Ö[��z./|�,<�9,<*+KL,�OqEB,<5

ε → 0
w

%�>A@:5B1B.0*+|�IJ./|L,<*p(+EB,2>A*+|�UY>0X{(+EB,	�z.0(+EB,<�z.0(+3?C/.0It;j.0*+3?,<(�|B[~EF.A&D36(-&�.08:8:I63?C/.0(+3?>A5B&p3657C/.A&-,2&'OqEB,<*-,�(+EB,
,]^}(-,<5o()>0X�(+EB,2&-,p*-,<Kj3?>A5B&).08:8:*->L.ACZE -/,<*->�365�(+E:3?&qI636�N36(/w���EB,<*-,p3?&q(+EB,S.05F.0I?>AKj|rOq36(+E�(+EB,�Qv,<EF./;T3?>A*)>0X
(+EB,�'D.2;=3?,<*Ì� º (->AsL,2&),2�T@F.0(+3?>A5�XV>A* R → ∞ w��(�

���	� 
�«v¦�¤	-£�² �

������������������ Å >A5B&+3?1:,<*z.�»A¼ MF>/O ./O{./|�X�*->A� .W&+(Z.0Kj5F.0(+3?>A5¸8v>A365T(9>A5¸.�Mg.0(NO{.0I6I¿G{OqEB,<*-,`(+EB,
5B>A5T;T3?&ZC2>A@B&�;L,<I?>=C<36(�|�.0(�(+EB,DO{.0I6I¾3?&qKj36;L,<5�QT|WUY&-,2,  *->AQ:I?,<� ÂjwÜ»}G:8F.0*+(~.j»L[

u0(x) = ax (a > 0)
OqEB,<*-,

x
3?&�(+EB,�1}3?&+(Z.05BC2,pX�*->A� (+EB,p&-(Z.0Kj5F.0(+3?>A5�8R>A365o(~.0I?>A5:K9(+EB,�O{.0I6I¿w

.L[ º EB>/O (+EF.0(�(+E:3?&�3?&).NC/.A&-,p>0X�.SXV./;L>A*Z.0Q:I?,�8:*-,2&-&-@:*-,pKj*Z.A1}3?,<5o(/w
Qg[ º EB>POu(+EF.0(�(+EB,'QR>A@:5B1B.0*+|zIJ.2|L,<*�QR,<I?>/O�(+E:3?&{MF>/O�G}365r*-,<Kj3?>A5B&�OqEB,<*-, Rx = ax2/ν

,<*q&+(->A*+(/G
EF.A&~.NC2>A5B&+(Z.05o()(+E:3?C-s=5B,2&-&/w
CP[ º EB>/O (+EF.0(~3�X�(+EB,S&+(+*-,/.0� XY@:5BC<(+3?>A5�365�(+EB,�Qv>A@:5B1B.0*+|�IJ./|L,<*~C/.05�QR,pOq*+36(+(-,<54.A&SU�Oq36(+E

b
.05

.A1 )Ì@B&+(Z.0Q:I?,�C2>A5B&-(Z.05o(
> 0

[
Ψ = kaxf(

y

bδ
) , lim

η→∞

f ′(η) = 1

(+EB,<5�>A5B,p�z.2|`Oq*+36(-,
k = bδ =

√

ν

a1F[ º EB>/O�(+EF.0()(+EB,(''./;T3?,<*Ì� º (->AsL,2&D,2�T@F.0(+3?>A5�!à& x
C2>A�N8R>A5B,<5o('365�(+EB,SQv>A@:5B1B.0*+|�IJ./|L,<*~*-,21}@BC2,2&

(->
f ′′′ + ff ′′ − (f ′)2 + 1 = 0.05B1�Oq*+36(-,�1:>T,<5�(+EB,DQv>A@:5B1B.0*+|�C2>A5B1}36(+3?>A5B&/w

ÆVÆ �BØ<ÉÌÏ�ÔàÛPÍ¿È0ÉFÕ+ÎlìÜÕÌßÊì Î-Í¿ÔÜÒ]Ï0ËBÎ-Ñ¿ÉvËVÔÜîqÓ0ìÜÉ]çZÔàÍ=ívÒ]ßÊì Ð�ìÜÉ+Î]Ð�ÙjÉ×Ú2ÒlÏAÐ�Í¿ÈÊÉgËVÕÌÒlÓjÉvÒZÛÊÍ¿ÈÊÔÖË=ÕÌÒ]ßPÑ¿ËVÉFÍ¿ÒHÓÊÑ¿ÉÌËVÉ×Ï/ÍTÍ¿È0ÉÌîDê �BËYÍ¿ÔÖî�Î-Í¿ÉÌËÒlÛ}î�Îlï]ÏÊÔàÍ¿ßAÐÊÉ¾Û�ÒlÑ�Î{ìÖÎlîqÔÜÏ0ÎZÑ¹ÙjÒ]ßÊÏAÐÊÎZÑVÚ)ìÖÎ+Ú<É×ÑHÕ+ÎlÏ~ÙjÉ�Û�Ò]ßÊÏAÐ)ÔÖÏ��BÑ¿ÒlÙ0ìÜÉÌî¸å/ê �2êÆ�/ � ÉÌÉ�ÎlìÜËVÒDÝ è�ÕyÈÊÉÌËVÒ]ÏÃâ+ãlã]éZæ}ÓTê ���lãPê
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� # ðjð
������������������ ��EB,qKj*->/Oq(+E`>0X¹.pQR>A@:5B1B.0*+|	IJ./|L,<*_>A5b.�8v>A*->A@B&tO{.0I6IvC/.059Qv,)&+@:8:8:*-,2&-&-,21NQT|N&+@BC-s=365:K

.�8F.0*+(Ã>0X{(+EB,NMB@:3?17365o(->�(+EB,NO{.0I6I¿w º @:8:8v>j&Z,N(+EF.0(�@:5B1:,<*Ã&+@:36(Z.0Q:I?,bC<36*-C<@:�9&+(Z.05BC2,2&S(+E:3?&p�z.2|Kj36;L,`*+3?&Z,`(->W.4QR>A@:5B1B.0*+|�IJ.2|L,<*NOqEB,<*-,�QR>A(+E�(+EB,`(+E:3?C-s=5B,2&-&z.05B1�(+EB,`;L,<I?>=C<36(�|�8:*->0µBI?,�&+(Z.2|}&
@:5BCZEF.05:KL,21�1:>/Oq5B&+(+*-,/.0� 3657(+EB,NMF>PO�G¾XY>A*S»A¼ MF>PO¥.0I?>A5:KW.rMg.0(ÃO�.0I6ItOq36(+E�. -/,<*->�,]^}(-,<*+5F.0I
8:*-,2&Z&+@:*-,pKj*Z.A1}3?,<5o(/w
.L[�¼',<(-,<*+�N365B,)(+EB,�;L,<I?>=C<36(�|�8:*->0µBI?,�@B&-365:K�(+EB,�,2�T@F.0(+3?>A5B&t>0X��9>A(+3?>A5b.05B1zC2>A5T(+365o@:36(y|LGT@B&-365:K�(+EB,
QR>A@:5B1B.0*+|�C2>A5B1}36(+3?>A5B&

u = 0 , v = −v0 < 0 (y = 0)

lim
y→∞

u = u∞

Qg[ ´ EB,<*-,jGg>A5�.�O{.0I6I¾Oq36(+E4.	µB5:36(-,S,]^=(-,<5T(/GBO{>A@:I?1�(+E:3?&),2�T@F.0(+3?>A5�µB5B1�36(-&~.08:8:I63?C/.0(+3?>A5���%~5B1
EB>PO½1:>=,2&�(+EB,�&->AI6@:(+3?>A5�*-,<IJ.0(-,�(->N(+EB,�C/.A&-,DOq36(+E

v0 = 0
�

������������������ º @:8:8v>j&Z,W(+EF.0(�(+EB, %{IJ.A&+36@B&�8:*->0µBI?,7C/.05 Qv,7.08:8:I63?,21 365 8:*Z.AC<(+3?C2,�XV>A*�.�(+E:365 Mg.0(
8:IJ.0(-,bOq36(+E¢.`µB5:36(-,bI?,<5:Kj(+E

L
U\XY>A* R = û0L/ν � 1

[]G�3¿wà,jw6G�(+EF.0(S(+EB,rC2>A*+*-,2C<(+3?>A5B&	5B,/.0*Ã(+EB,
1:>POq5B&+(+*-,/.0� ,21}KL,r.0*-,b5B,<KjI636Kj36Q:I?,jw + ,<(Ã(+EB,b8:IJ.0(-,�!à&	Oq3?1}(+E$QR,

b
G�.05B17I?,<(	(+EB,NMB@:3?1·MF>/O >A5

QR>A(+E�&+3?1:,2&)>0X�(+EB,D8:IJ.0(-,jw
º EB>PO (+EF.0(~(+EB,p(->A(Z.0I¹XY*+3?C<(+3?>A5�XV>A*-C2,�>A5�(+EB,Ã8:IJ.0(-,p3?&�(+EB,<5�Kj36;L,<5�Qo|�1}36�9,<5B&+3?>A5F.0I�.05F.0I6|=&-3?&�Qo|
(+EB,pX�*+3?C<(+3?>A5�C2>=,	�zC<3?,<5

Cf
.A&

F =
1

2
Cfρû2

02bL

OqEB,<*-,
Cf =

1.328√
R

�����������������
 ÀB>A*�(+EB,�%{IJ.A&+36@B&�8:*->0µBI?,jGTC/.0I?C<@:IJ.0(+3?>A5B&_&-EB>/O¢(+EF.0(�365N(+EB,qI636�N36(
η → ∞ (+EB,{XV>AI6I?>/Oq365:K

EB>AI?1:&PG:Oq36(+E�.05�,]^}8v>A5B,<5T(+3J.0I6I6|�&+�z.0I6I¹,<*+*->A*/�

f(η) = η − β , β = 1.721 . . .

.L[ º EB>/O½(+EF.0()Oq36(+E�(+EB,�XY>AI6I?>POq365:Kr1:,]µB5:36(+3?>A54>0X�(+EB,bfA� ��'gm6h � n<�9n<eF�����o� �� evn � � δ
UY&-,2,Ã.0I?&->9(+EB,

XV>=>A(+5B>A(-,�>A5�8¹w ð �L[
û0δ

∗ =

∫

∞

0

(û0 − u) dy

>A5B,�EF.A&
δ∗ = β

√

νx

û0

Qg[ %�,2C/.0@B&-,~(+EB,�MF>PO¶QR,2C2>A�9,2&{*-,<(Z.0*-1:,21b365r(+EB,~Kj*->/Oq365:K�Qv>A@:5B1B.0*+|zIJ.2|L,<*/G}C2>A5o(+365T@:36(�|r36�N8:I63?,2&
(+EF.0(Ã(+EB,�MF>/O�;L,<I?>TC<36(y|4KL,<(-&	.057365B1}@BC2,21¶cjd=� &thAi+f7C2>A�N8R>A5B,<5o(	,<;L,<5·>A@:(-&+3?1:,N(+EB,9Qv>A@:5B1B.0*+|
IJ./|L,<*/w º EB>PO (+EF.0(qXV>A*q(+EB,�%{IJ.A&+36@B&q8:*->0µBI?,�(+E:3?&�365B1}@BC2,21�;L,<I?>TC<36(y|`3?&
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