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CL(+*'$z/2"G,D3�WY35$�6?3D35"�$'&G3�,54.>}*.*X1�*.3D,5$'(+>I"G*86U/I*?HR/IC)3}KG/2"GC 8Xc�*=d[»^½Ld��F¿8/2"GCA»^½Ld��F¿M(<"G,5;<@GC)3x$'&G3x1Y>}*.*'(<W)(<;<(<$�Q
>2\T/2"%/2W)4'@)1)$],z&0/2")OF3b»^/7s�n�vxwÌ¿ud � (<"G,D37"G>�3&%L$.354'"0/2;?35"G354'O}QA&0/I*tWY3D35"%/IC)C)3DCeKy/2"GC%/É,D>I"Z$'(<"Z@G>I@G*
,.&0/2")OF3�>2\�&G35(<O}&Z$:68>I@);+C{&0/DEF3ËWY3D35"�OF>=EF354'"G3DC{WNQ 8X@);+354 '�*S3DcZ@0/2$'(+>I"{6:&)(+,z&É,=/2")"G>I$S(<H71);<Q9/	,z&0/2")OF3
>2\Â$'&G3�$.>I$z/2;eHJ3D,.&0/2")(+,=/2;Ì35"G354'O}QFKG/TÊ_@)H71�(+*?$'&G3Ë>I");<Q~1�>}*.*.(<W);+3x,=/I*.3x\^>I4?$'&)(+*U(+C)3=/2;<(0/=3DC9¹0>V6td����x@)(<$.3
/2"0/2;+>IOF>I@G*¸$.>T$'&G3?(<"Z$.354'1)4.35$z/2$'(+>I"7(<"	$'&G38,=/I*.3M>2\G(<"G35;B/I*'$'(+,8,D>I;<;<(+*'(+>I"G*¸(<"-35;+35HJ35"Z$z/24'Q�1Y>I(<"Z$¸HJ3D,.&0/2")(+,D*VK
,D>I"G*.354'E}/2$'(+>I"%>2\S35"G354'O}Q�(<"%/IC)CL(<$'(+>I"%$.>ÉHJ>IHJ35"Z$'@)H�/2"GC�HR/I*z*�6?>I@);+C%(<H71);<Q�/2"%>=EF354.C)35$.354'H7(<"G3DC
*'QL*'$.35H >2\y3DcZ@0/2$'(+>I"G*=d
Ç�*.*'@)HJ3?"G>=6�$'&0/2$¸$'&G3M(<"GCL(+,D3D*:¾U/2"GCM)T(<"GCL(+,=/2$.3:/2"]@)1G*.$'4.3=/2H�/2"GC-/xC)>=6:"G*'$'4.3=/2H ,54.>}*.*J1�*.3D,5$'(+>I"ÌK

4.3D*'1Y3D,5$'(<EF35;<QFd � (<"G,D3U/2"	(<"G,54.3=/I*.38(<"735"G354'O}Q�(+*�(<H71�>}*z*'(<W);+3}KI(<$¸\�>I;<;+>V6S*�$'&0/2$
h2−h1 ≥ 0

Àm3Ë>=6:"G*'$'4.3=/2H
>2\�$'&G3UÊ @)H71{$'&G3�¹0>=6È6:(<;<;ÌWY3�*';+>V6?354=KG6:(<$'&b/	;B/24'OF354T*'@)4_\`/I,D3�&G35(<O}&Z$T>VEF354T$'&G3ËWY>I$'$.>IHÉd

� \Ì,D>I@)4.*.3}KZ\�>I48/Ë4.3=/2;0;<(+cN@)(+CJ$'&G3SCL(ÆÅe354.35"G,D3x(<"J&G35(<O}&Z$U,=/2")"G>I$?35HJ354'OF3Ë/I*?/�CL(+*z,D>I"Z$'(<"Z@G>I@G*¸Ê_@)H71Ìd
¼¸(<O}@)4.3�½Ld ÎA(<"GCL(+,=/2$.3D*~&G>=6�$'&G3-Ê_@)H71gHR/DQP;+>�>I��K?W0/I*.3DCg>I"Ã3&%�1Y354'(<HJ35"Z$z/2;�>IWG*.354'E}/2$'(+>I"g\^>I4R*.>IHJ3
E}/2;<@G3D*x>2\M$'&G3	¼)4.>I@GC)3	"Z@)H]W�354=d�!#"A/2;<;�,=/I*.3D*x$'&G3SÊ_@)H71A/21)1Y3=/24.*Ë/I*Ë/J$'@)4'W)@);+35"Z$�/=>I"G3}K�6:(<$'&A*'$z/2$.3D*
>2\T4.35O}@);B/24	¹0>=6Í>I"�W�>I$'&�*'(+C)3D*=dbfU&G3~;+>}*.*]>2\xHJ3D,.&0/2")(+,=/2;S35"G354'O}Q%/I*	&G3=/2$-6:(<;<;83DcN@0/2;8$'&G3~35"G354'O}Q
CL(ÆÅe354.35"G,D3�/I,D,D>I4.CL(<")O $.> 8Xc�dT»^½Ld<¾��F¿ud¨fU&G3�C)>=6:"G*'$'4.3=/2H ;<(+cZ@)(+Ca&G35(<O}&Z$~H�@G*'$~W�3�(<"¨/I,D,D>I4.Ca6:(<$'&
C)>=6:"G*.$'4.3=/2H�10/24z/2HJ35$.354.*x;<(<�F3�/I*U\^>I4S(<"G*'$z/2"G,D3�$'&G3t*';+>I1Y3}dXfU&G3:Ê_@)H71É6:(<;<;Ì$'&G35"É$z/2�F3�1);B/I,D3�/2$T*'@G,z&
E}/2;<@G3D*S>2\

h1
/2"GC

u1
$'&0/2$B8Mc[dÂ»^½Ld<¾ )F¿U(+*S*z/2$'(+*_h03DCed

Ç *'HR/2;<;Ì;+>�,=/2;<(0/=3DCÉCL(+*'$'@)4'W0/2"G,D3�(<"É$'&G3t*'@)4_\`/I,D3�&G35(<O}&Z$�,=/2"ÉWY3�,D>I"G*'(+C)354.3DC�/	6U/DEF3t6:(<$'&A/	;B/24'OF3
68/=EF35;+35")O}$'&�,D>IH710/24.3DC�$.>7$'&G3�;<(+cZ@)(+C�&G35(<O}&Z$=d:!#$.*S1)4.>I10/2OZ/2$'(+>I"bEF35;+>N,5(<$#Q{4.35;B/2$'(<EF3t$.>R$'&G3t;<(+cN@)(+C{6:(<;<;

	�
 C� ��IWC S@IKV IWC S��!T\U P#=�T\Y�������������Y<=�T*PB=�?�T��K=4Y�b*?XR&?XbmY<?7Q<E T*P�C@DKYOI&S@S@?JS�p ;>= I_Y�G�DKQ#Q<?XP#ANDKC S@PBY<DHQ<?7U ?�Q#Q<T*C�� Y<=@??XC@?�Q��Ke�� P�Q<?�U,?�Q<?XC�G�?�b*?XR ?Xb2Y<DBY<=�?.b*T! 4V@TcS P#V@Q#U IKGX?Kp#"lDJZ>?XR ?7QJ`!Y<=@?XC D&C@?dGJIWC�C�DWYiGXDKEFA I_Q<?�Y<=�?.?XC@?�Q��Ke DWU Y Z>DaSfT�$�?�Q<?XC4YG�Q<DKP#P&% P#?�G�Y<T*D&C�P>Z[T\Y<=�S@T�$�?�Q<?XC4Y ^ V�TkS�=@?XT'�&=4Y<P>L�VfY Y<=@?lP<IWEF?lLNDWY#Y<D&E bk?�R ?Xb0`4Z[=�T*Gg=(� IKC S@IKVOIKC�S)� T\U P#=@T*Y���IKG�Y<V�IKb*b\eOS@D4?XPXp
*+"l?�Q<?

b =

GXDKC�PjYgIKC4YJ`!IWPoS@T�$�?�Q<?XC4YlU,Q<D&E,� IWP�^ DJZ T*C IFA�T*AN?&`NZ[=�?7Q<?�IFR&I_Q<TkIKL�b*?�A�T*AN?dSfTkIKEF?�Y<?�Q�EBI�- ?�PlANDKP#P#TkL@b*?FIGXDKC Y<T*C V�DKV�P(RKIWQ<TkIWY<T*DKC�TkC.� IWP�Sf?XC�P#T\Y eODKC�LNDKY<=�P#TcSf?XP[DKU I�P#=�D4G/-�p
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¼�(<O}@)4.3]½Ld ÎLÀ�3�(ÆÅY354.35"N$S$�Q�1�3D*T>2\¸&NQ�CL4z/2@);<(+,SÊ @)H71É(<"�/	4.3D,5$z/2")O}@);B/24Ë,.&0/2")"G35;����b/I*z*.35Q�¾����}Î��

$'&G35"ÉWY3ËO}(<EF35"ÉWZQ 8Xc�dÌ»7626N¿:/I*
c =

√
gh
d � -�>=6?35EF354=K0$'&G3�*'$z/2$'(+>I"0/24'(<$�Q{(<H71);<(+3D*T$'&0/2$

F1 =
u1

c1
, F2 =

u2

c2

»^½Ld<¾ �}¿
/2"GCÉ*'(<"G,D3

h2 > h1
\^>I4T/�Ê_@)H71ÌK 8Xc�*=dÌ»^½Ld<¾��F¿S/2"GC�»^½Ld<¾}¾V¿:(<H71);<Q~$'&0/2$

F1 > 1 , F2 < 1
»^½Ld<¾��F¿

��3�$'&N@G*S"G>I$'(+,D3�$'&G3t/2"0/2;+>IO}Q
•
¼)4.>I@GC)3�"Z@)H]W�354x(<"{;<(+cZ@)(+CÉ,z&0/2")"G35;Ì¹0>V6
⇔�A/I,.&�"Z@)H�WY354T(<"�OZ/I*:1)(<1�3�¹0>V6

ÇU$7$'&G3 ' 68/2$.354~*'&G>N,z� '<KM$'&G3�CL(+*'$'@)4'W0/2"G,D3D*J6:&)(+,z&aC)>=6:"G*'$'4.3=/2H«&0/DEF3{WY3D35"�hGO}&Z$'(<")O�$'&G35(<476U/DQ�@)1
/2OZ/2(<"G*'$�$'&G3	¹0>V6 '�*t;+>�,=/2;B'�*'@)WZ6U/DEF3N'ÌEF35;+>�,5(<$�Qb6:(<;<;XWY3-*'$.>I1)1�3DCeKÂ*'$z/2H71)(<")O�/2OZ/2(<"G*'$�$'&G3	¹0>V6 4z/I,5(<")O
6:(<$'& '�*'@)1Y354'68/=EF3N'0*'1Y3D3DC9\�4.>IH�@)1G*'$'4.3=/2HÉdX!#"{$'&G3�*z/2HJ3�68/=QÉ/I*:$'&G3Ë$'4z/2"G*'(<$'(+>I"{\�4.>IH *'@)1Y354.*.>I")(+,�$.>
*'@)WG*.>I")(+,REF35;+>N,5(<$#Q�(<" OZ/I*t¹0>=6Í,=/2"%>I");<Q�$z/2�F3J1);B/I,D39/2$	/�*'&G>N,z��K�$'&G3J&NQ�CL4z/2@);<(+,�Ê_@)H71%,=/2")"G>I$�WY3
4.351);B/I,D3DCÄWZQ /�*'HJ>�>I$'& $'4z/2"G*'(<$'(+>I"ÌÀJ¼¸(<O}@)4z/2$'(<EF35;<QÄ*'1�3=/2��(<")OGK¸(<"%WY>I$'&%,=/I*z3D*�(<$	(+*�"G>I$	1Y>}*.*'(<W);+37\^>I4
$'&G3]p ���D�IluvJm}��p��}�{/2WY>I@)$:C)>=6:"G*'$'4.3=/2H�,D>I"GCL(<$'(+>I"G*:$.>]1)4.>I10/2OZ/2$.3�@)1G*'$'4.3=/2H³\|4.>IH³$'&G3�*'&G>N,z��KL*.>�$'&0/2$
C)>=6:"G*.$'4.3=/2H�,D>I"GCL(<$'(+>I"G*Ë,=/2"�(<"L¹G@G35"G,D3�$'&G3�@)1G*'$'4.3=/2H�,D>I"GCL(<$'(+>I"G*VdS!�"�1)4z/I,5$'(+,D3}KY/7&ZQLCL4z/2@);<(+,TÊ_@)H71
6:(<;<;Ì>2\�$.35"É35HJ354'OF3�"G3=/24x/	,.&0/2")OF3]>2\¸*';+>I1Y3Ë(<"�/-,.&0/2")"G35;`d?Ç,.&0/2")OF3�>2\¸$'&G3�C)>V6:"G*'$'4.3=/2H�*';+>I1Y3Ë,=/2"
$'&G35"9(<"L¹G@G35"G,D3x$'&G3Ë/I,5$'@0/2;�;+>N,=/2$'(+>I"�>2\Ì$'&G3XÊ_@)H71ÌKNW)@)$?"G>I$8(<"L¹G@G35"G,D3�@)1G*'$'4.3=/2H³,D>I"GCL(<$'(+>I"G*U(<"~$.>I&G354
68/=Q�*Vd
	�
��
� ������������������! 

� 35$x@G*T3&%G/2H7(<"G3tHJ>I4.3t,5;+>}*.35;<Q{$'&G3�,D>I"GCL(<$'(+>I"G*�/2$-»^/2"É(+C)3=/2; ¿U&NQ�CL4z/2@);<(+,TÊ @)H71Ìd�"�*'(<")O98Xc�dÂ»^½Ld ½F¿U683,=/2"É4.356:4'(<$.3R»^½Ld<¾ �N¿S/I*

JE = Jmg hE , hE = h +
1

2g
(
Jm

ρb
)2

1

h2

»^½Ld<¾��F¿
# ;>=@?iQ<?XbkIWY<T*D&C IWb*P#D�U D&b*b*DJZ[P�P#T*EFA�b\eBU,Q<DKE EFD&EF?XC4Y<V@E GXDKC�P#?�Q<RKIWY<T*DKC%$@P#?X? � &fQgIKC���TkC@T�IWC S'&2TkC@C�?XEFDWQ<?)(+*+*,(�� p
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6:&G354.3
hE
&0/I*ËCL(<HJ35"G*'(+>I"�;+35")O}$'&g»|;<(<�F3	$'&G3]&G3=/IC0¿ud �?Q�EI/24'(+>I@G*ËC)354'(<E}/2$'(+>I"G*�>2\?$'&G3	3&%�1)4.3D*.*.(+>I"�\^>I4

hE
683ËhG"GCeÀ

(hE)min =
3

2
hc

\�>I4
h = hc =

(

(Jm/ρb)2

g

)1/3

(Jm
,D>I"G*'$z/2"Z$

)
»^½Ld*)��F¿

(Jm)2max = g(ρb)2h3
c

\^>I4
h = hc =

2

3
hE (hE

,D>I"G*'$z/2"N$
)

»^½Ld*)L¾V¿
fU&G3�cN@0/2"Z$'(<$#Q

hc
(+*T,=/2;<;+3DC%rDl�p���p�rzmIoÂi)�up��IiN�t»�>I4xC)351)$'&[¿ud:fU&G3],D>I4'4.3D*'1�>I"GCL(<")O�,54'(<$'(+,=/2;Ì¹0>V6 EF35;+>�,5(<$�Q��

/2"GCÉ¼)4.>I@GC)3t"Z@)H�WY354�/24.3}À

uc =
Jm

ρbhc
=

(gh3
c)

1/2

hc
= (ghc)

1/2 ⇒ Fc = 1
»^½Ld*)N)F¿

¼¸(<O}@)4.3�½Ld �7(<;<;<@G*'$'4z/2$.3D*:$'&G3D*z3�,D>I"GCL(<$'(+>I"G*:\^>I4U¹0>=6È(<"�/	4.3D,5$z/2")O}@);B/24�,.&0/2")"G35;`dX��3�>IWG*z354'EF3Ë&G354.3t*'$'(<;<;

¼¸(<O}@)4.3�½Ld �GÀ � (+cN@)(+CÉC)351)$'&�/I*x/]\|@)"G,5$'(+>I"�>2\y35"G354'O}Q�&G3=/IC�/2"GC{HR/I*.*:¹0>=6È4z/2$.3 ���A/I*.*.35Qb¾����}Î��
/2"G>I$'&G3548/2"0/2;+>IO}Q7$.>]/ICL(B/2W0/2$'(+,SOZ/I*y¹0>V6tK�rDl�p���p�rzmIo��:�I�td¸!�$M,D>I4'4.3D*.1�>I"GC)*M$.>�$'&G3:WY35&0/DE�(+>I@)4M(<"~/	�D�I�Gp^r
»�>I4Jr5lup|��p^r.mIo^¿x"G> /4/D;+3}KY6:&G354.3-$'&G3]HR/I*z*T¹0>V6�4z/2$.3	&0/I*t/JHR/@%L(<H�@)H (Æ\8$'&G3�¹0>V6ºEF35;+>N,5(<$#Q�(+*Ë*.>I")(+,7/2$
$'&G3]H7(<")(<H�@)H CL(B/2HJ35$.354=Ke/2"GC�$'&G3]OZ/I*T6:(<;<;�,D>I"Z$'(<"N@G3	6:(<$'&b*'@)1Y354.*.>I")(+,�EF35;+>N,5(<$#QÉ@)"Z$'(<;yC)>=6:"G*.$'4.3=/2H
(<$:6:(<;<;Ì&)(<$x/-*.$z/2"GCL(<")OR*'&G>�,.�968/DEF3}À

•
�A/@%�(<H]@)H HR/I*z*J¹0>V6�4z/2$.3É\�>I4�/�O}(<EF35"

hE
>�,D,5@)4.*�/2$R$'&G3É&G35(<O}&N$

h = hc = 2
3hE
KU6:(<$'&

F = Fc = 1!�\
hE > (hE)min = 3

2hc
K[$'&G3t¹0>V6º6:(<;<;�$z/2�F3]1);B/I,D3�(<"�/É��nVw)�ul'r5l�p���p^r.mIo�»

F > 1
¿S>I4�(<"b/É��n  'r5lup���p�r.m}o

»
F < 1

¿8*'$z/2$.3}K)WY>I$'&{6:(<$'&É$'&G3�*z/2HJ3
hE
K),D>I4'4.3D*'1Y>I"GCL(<")OJ$.>7$'&G3Ë;+>V6?354Ë/2"GC{@)1)1�354:W)4z/2"G,z&G3D*x>2\¸$'&G3

,5@)4'EF3D*=KY4.3D*'1Y3D,5$'(<EF35;<QFd	ÇU$Ë,54'(<$'(+,=/2;X,D>I"GCL(<$'(+>I"G*]/~,D>IH710/24z/2$'(<EF35;<QA;B/24'OF37,z&0/2")OF3-(<"b;<(+cN@)(+C�C)351)$'&A6:(<;<;
,D>I4'4.3D*'1Y>I"GC9$.>	/],D>IH710/24z/2$'(<EF35;<Q9*.HR/2;<;�,z&0/2")OF3x(<"�$'&G3�35"G354'O}QJ&G3=/IC�>2\Â$'&G3T¹0>=6td � (<H]@);<$z/2"G3D>I@G*';<QFK0/
*'@)4_\`/I,D3tCL(+*'$'@)4'W0/2"G,D3]1)4.>I10/2OZ/2$'(<")O�/2OZ/2(<"G*.$T$'&G3�¹0>V6 6:(<;<;ÂW�3D,D>IHJ3�$'4z/21)1�3DCed:fU&N@G*=Ke�5�`mI�[kIp|���~�MmI�2���
HR/DQÄWY3{,54.3=/2$.3DCeK8/2"GCP(Æ\

hE > 3
2hc
/b&NQ�CL4z/2@);<(+,-Ê_@)H71PHR/DQP>�,D,5@)47(Æ\x$'&G39¹0>V6 (+*J*'@)1Y354.,54'(<$'(+,=/2;`d

¼¸(<O}@)4.3�½Ld��-4.35H7(<"GC)*T@G*:$'&0/2$S$'&G38Ê_@)H71É6:(<;<;�/2;<68/=Q�*TW)4'(<")OJ@G*:$.>J/7*.$z/2$.3Ë6:(<$'&�/	;+>=68354
hE
d

�	� EFT*P#b*?JIKS@T*C���
 L@V@YlGXD&EFEFDKC�
 Y<?�Q<Eap 
 YlT*P�V@C@Q<?XbkIWY<?XS�Y<DFY<=@?.G7Q<T*Y<T*GJIWb R ?Xb*D4GXT\Y e�U DKQlY#QgIKC@P#T*Y<T*DKC Y<D�Y<VfQ<L�V�b*?XC@GX?.IKPZ>?�bkb�IKP(Y<=�?�G�Q<T\Y<TkGXIKb Y<=@?�Q<EFD SfefC�IKEFT*GJIKbNPjYgI_Y<?&p
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¼¸(<O}@)4.3�½Ld��LÀ � (+cZ@)(+CÉC)351)$'&b/2"GCÉ35"G354'O}Q�&G3=/IC�/2$T/-&ZQLCL4z/2@);<(+,:Ê_@)H71 ���A/I*.*.35QA¾����}Î��

ÇT\|$.354-/{&NQ�CL4z/2@);<(+,�Ê @)H71%&0/I*]>�,D,5@)4'4.3DCeK�,.&0/2")OF3D*	(<" $'&G3J¹0>=6Í,D>I"GCL(<$'(+>I"G*-C)>=6:"G*'$'4.3=/2H�>2\:$'&G3
'�*'&G>�,.�>')6:(<;<;Â&0/=EF3�"G>J1�>V6?354�$.>7(<"L¹G@G35"G,D3�$'&G3�@)1G*'$'4.3=/2H ¹0>V6 ,D>I"GCL(<$'(+>I"G*=d:fU&G3	/2"0/2;+>IO}Q{$.>-¹0>=6 (<"
/	,54'(<$'(+,=/2;e"G> /4/D;+3Ë(+*U$'&0/2$:W�35$#6?3D35"É$'&G3�H7(<")(<H]@)H�¹0>=6,54.>}*z*8*z3D,5$'(+>I"�/2"GCÉ/2"�35EF35"N$'@0/2;ÂC)>=6:"G*.$'4.3=/2H
*'&G>�,.��68/DEF3J$'&G3�¹0>V6�EF35;+>N,5(<$#Q�6:(<;<;�WY3-*'@)1�354.*z>I")(+,}d 5 &0/2")OF3D*�(<"�C)>=6:"G*.$'4.3=/2H ¹0>=6 ,D>I"GCL(<$'(+>I"G*Ë\^>I4/	O}(<EF35"{(<"G,D>IH7(<")OR35"G354'O}Q9&G3=/IC�6:(<;<;e$'&G35"{&0/DEF3�"G>-1Y>}*.*'(<W)(<;<(<$#Q~$.>-,D>IH7H]@)")(+,=/2$.3t$'&G35(<4T3&%L(+*'$.35"G,D3Ë$.>
1Y>I(<"Z$.*8@)1G*'$'4.3=/2H�>2\Ì$'&G3x*.&G>N,z�F�a$'&N@G*=K�$'&G3THR/@%L(<H�@)H�HR/I*.*M¹0>=6 4z/2$.3T\�>I4U/�,D>I"G*.$z/2"Z$U(<"G,D>IH7(<")O

hE6:(<;<;Â>�,D,5@)4U\�>I4S,54'(<$'(+,=/2;Â¹0>=6È(<"�$'&G3Ë"G> /4/D;+3}d

�t��� 	Ë®T¤.¥�
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fU&G3�3DcZ@0/2$'(+>I"G*	683~&0/=EF3�*.>I;<EF3DC�*.>{\`/24](<"Ä$'&G3D*.39;+3D,5@)4.39"G>I$.3D*=K�&0/DEF39WY3D35"%;<(<"G3=/24'(0/=3DC�EF354.*.(+>I"G*	>2\
$'&G39"G>I");<(<"G3=/24J3DcZ@0/2$'(+>I"G*R>2\THJ>I$'(+>I"Ìd -�>=6835EF354=KM*.>IHJ3910/24'$'(+,5@);B/24R*.>I;<@)$'(+>I"G*7>2\�*'(<H71);+39"G>I");<(<"G3=/24
EF354.*'(+>I"G*9>2\t$'&G3�3DcN@0/2$'(+>I"G*{/24.3É��"G>=6:"ÌKT/2"GC¨(<" *.>IHJ3�,=/I*.3D*~$'&G354.3A/24.3ÉOF35"G354z/2;Ë$'4z/2"G*_\^>I4'HR/2$'(+>I"G*
6:&)(+,.&~HR/2�F3S$'&G3x3DcZ@0/2$'(+>I"G*?,D>IH71);+35$.35;<Q7(<"Z$.35O}4z/2W);+3�>I"9/2"0/2;<Q�$'(+,=/2;G\^>I4'H ���U35"GC)3548/2"GC � 4.*J/V/2O9¾�� � ����d
!#"�10/24'$'(+,5@);B/24t$'&)(+*�/21)1);<(+3D*t$.>�6U/DEF3~*.>I;<@)$'(+>I"G*=Ke6:&G354.37$'&G3R3DcZ@0/2$'(+>I"�HR/=QA,z&0/2")OF3-\�4.>IH 10/24'$'(B/2;X$.>
>I4.CL(<"0/24'Q9\�>I4'H WZQ9$'&G3�$'4z/2"G*_\^>I4'HR/2$'(+>I"

u(x, t) = ϕ(ξ) , ξ = x − ct
»^½Ld*)}ÎF¿

fU&G3 � ,D>I$'$'(+*'&b"G>IW);+35HR/2"�/2"GC�1)&ZQL*'(+,5(+*'$��Gd � ,D>I$'$��T@G*.*.35;<;�68/I*�/2HJ>I")O~$'&G3�hG4.*'$x$.>R4.3=/2;<(0/=3]$'&0/2$
$'&G354.3 /24.3AHJ>I4.3���(<"GC)*É>2\	68/DEF3D*�WY35$�6?3D35"&G3=/DEF35" /2"GC 3=/24'$'&$'&0/2"È$'&G>}*.3�,D>I@)"Z$.3DC /2HJ>I")Og$'&G3
*.>I;<@)$'(+>I"G*x>2\¸;<(<"G3=/24'(0/=3DCÉ3DcN@0/2$'(+>I"G* �\-�35H7HJ354�¾������ ��À

������������� �"!$#&%$'�(*),+��*-���).% ��'��"/��0�"�1�2)3�4+&% 5"+6�����6!7�98&% :<; =�:<!7�>�4'*�9; ��'�(?�@'��&!A!B�2�C5"+��9'9'��";<�,=*�08��1%$!
�"/D+��9!7�E�>��F9��+���'�),+��G�"�1�2)D�>H�:9:9�"'9; =��I)E�J898&��:"KL'��")D�E�G),+��G-����E���"/M����)E�"!N%�'�),+��45�+��O'9'��";>��+&% 5�+6% )P+��":Q89H2)
%$'Q-4�").% �J'ORS% )P�"5>5"H9-6H9; ��)E��:@!B�JH9'�:*),+��T8&!B�2�U��/V)>+��4#��>�E� �";W%$'G�T�X)E��)E�Y�"/V#&% �J; �"'2)3��(9% ) �2).% �J'OF1)>+���'6�>H�:9:9�"'9; =
; ���2#&%$'�(�% )G�1��+&%$'�:WFZ!B�J; ; ��:Q/[�9!$���&!\:0��% ),+?(�!\�>��)�#��"; �O52% )A=2FM���X�>H9-�%$'�(Q)>+���/[�9!A-]�"/P��; �&!B(1�6�E�J; % ) �&!$=?��; �,#��2).% ��'OF
�^!B��H9'�:9��:WFS�,-��9��)>+_�9'�:_���"; ; `I:9�,aM'���:b+��>�O8��"/Y���2) ��!IFD�4+&% 5"+c5>��'2).%$'9H��>:�% )X�*5,�JH9!B� ���9; �J'�(c)>+��05"+��9'9'��";
�O898��&!7�"'2),; =���% ),+��JH2)D5�+��O'�(&����/M/[�9!A-d�9!M:�%$-�%$'9H2).% �J'e��/Z�,81���>:Wf3�&/[��; ; �2����:*% )g��'*+��9!B� �"����5"h1F9�9'�:G�"#��"!$)X�9�JhG% )
�X).%$; ;<!B�J; ; %$'�(T��'���)3�0!7�2) �Y��/g�E�J-��6��% (�+2)P�9!�'&%$'��T-�%$; �,�3�9'Q+��JH9!iFN8"!7�>� �"!$#&%$'�(0% )E�3�9![% (O%�'��O;�a�(JH9!7���E�J-���)>+&%�!B)A=
/j���,)�; �J'�(*�O'�:T�6/\�9�")S)E�?��/\�9�")��9'�:?�?+��O; /D%$'T+���% (�+2)�f3� )E��+��2% (J+2)�(J!7��:<H��O; ; =G:�%$-�%$'&% �>+���:WF1�9'�:?�2/\)E�"!Z�T5"+���� �
�"/D�J'����O!N)A�D��-�%$; �>���N; �&�X)�% )4%$'Y)>+����e%$'�:�%$'�("�P�"/k)>+���5"+��9'9'��";�fVlNH�5"+OF<%$'�),+��T-4�J'2),+6�"/gmeH�(JH��I)�n2o"p"q<F������
-4=6aM!B�X)�5"+��9'�5���%$'2)E�"!$#&% �,�b�e% )>+G),+���)P�.%$'�(JH9; �&!N�O'�:��&���9H2).% /IH9;<89+��"'���-Y��'��J'Qf2f�f
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!#"É$'&G3tHJ3=/2"N$'(<HJ3�$'&G354.3�&0/I*SWY3D35"�,D>I"G*'(+C)354z/2W);+3]1)4.>IO}4.3D*.*S(<"�$'&G3�@)"GC)354.*'$z/2"GCL(<")O{>2\y$'&G3�1)4.>I1Y354'$'(+3D*
>2\?*'@G,z&�68/=EF3D*=KeW0/I*.3DCA>I"�*.>I;<@)$'(+>I"G*�>2\M"G>I");<(<"G3=/24�CL(ÆÅe354.35"Z$'(B/2;X3DcN@0/2$'(+>I"G*=d���3	6:(<;<;yHJ35"N$'(+>I" /J\^356
3&%G/2H71);+3D*t$.>É,D>I"NEF35Q�/�\�3D35;<(<")O�>2\U6:&0/2$t(<$t(+*]/2;<;?/2W�>I@)$=d �T3u\^354.35"G,D3D*t;<(<�F3 �\-�35H7HJ354R¾������ �?,=/2"�WY3
4.3D,D>IH7HJ35"GC)3DC{\^>I4S$'&G>}*.3Ë6U/2"Z$'(<")O9$.>-;+3=/24'"ÉHJ>I4.3�/2WY>I@)$S$'&G>}*.3ËHR/2$'$.354.*=d
Ç ,D>IH7HJ>I"�$.354'H7(<"G>I;+>IO}Q�(<"É$'&G3�,5;B/I*.*.(Æh0,=/2$'(+>I"�>2\�68/DEF3D*T(+*=À
•
ÇÈw)�uluvJmI���u�0�U6U/DEF3�(+*T/	68/=EF3t1)4.>I10/2OZ/2$'(<")OR6:(<$'&G>I@)$�,.&0/2")O}(<")O~(<$.*U\�>I4'H

•
Ç �5�Ioqp��`mIl�j~68/=EF3t(+*T/	;+>�,=/2;<(0/=3DC{1Y354'HR/2"G35"Z$T6U/DEF3

•
Ç��D�Io�p��`�I�P(+*-/É6U/DEF396:&)(+,.&g/I*'Q�H71)$.>I$'(+,=/2;<;<Q ,D>I"G*.354'EF3D*	(<$.*�\�>I4'H�/2"GC%EF35;+>N,5(<$#Q�(<"%,D>I;<;<(+*'(+>I"G*
6:(<$'&�>I$'&G354T*.>I;<(<$z/24'Q�68/=EF3D*

¼¸(<O}@)4.3	½Ld ½~*'&G>V6S*�3&%G/2H71);+3D*Ë>2\M*'@G,.&A6U/DEF3D*=dx��3�6:(<;<;�,D>I"G*'(+C)354Ë$'&G3]1)4.>I1�354'$'(+3D*Ë>2\X$'&)4.3D3]"G>I");<(<"G3=/24
CL(ÆÅe354.35"Z$'(B/2;e3DcZ@0/2$'(+>I"G*VK�/2"GC~*.3D3S&G>V6Ã*.>IHJ3x>2\e$'&G35(<48*.>I;<@)$'(+>I"G*?4.35;B/2$.3x$.>�*'@G,z&~6U/DEF3D*:/2"GCJ$.>�HR/2$'$.354.*
$'4.3=/2$.3DC{1)4.35E�(+>I@G*';<QYÀ

•
fU&G3 �ul.�.� � �:�I��J"5n)m}��p^�I�

∂u

∂t
+ u

∂u

∂x
= 0

»^½Ld*)��N¿
•
fU&G3��Sn�l �Z�5lz�J�J"5n)m}��p��}�

∂u

∂t
+ u

∂u

∂x
=

∂2u

∂x2

»^½Ld*)��F¿

•
fU&G3��	k��g�_"5nLmF��p��I���

∂u

∂t
+ u

∂u

∂x
+

∂3u

∂x3
= 0

»^½Ld*)}½F¿
��3:4.3D,D>IO}")(0/=3T$'&G3UhG4.*'$X$#6?>]/I*x¾43 *'1Y3D,5(B/2;G,=/I*.3D*M>2\Y$'&G3SÁË/DE�(+354X1 � $.>I�F3D*?3DcN@0/2$'(+>I"b»7626N¿�\^>I4y"G35O};<(<O}(<W);+3
1)4.3D*.*'@)4.3�/2"GCPh035;+C�\^>I4.,D3D*=K?4.3D*'1�3D,5$'(<EF35;<QP6:(<$'&G>I@)$�/2"GCP6:(<$'&a$'&G3ÉEN(+*.,D>I@G*J$.354'H«�F351)$=dÃfU&G3{$'&)(<4.C
35HJ354'OF3D*96:&G35"¨$'&G3�"G>I"G*'$z/2$'(+>I"0/24'Q �U354'"G>I@);<;<(�3DcZ@0/2$'(+>I" >I"a$'&G3b,D>IH71);+35$.3�\�>I4'H »76�6�¿7(+*J@G*.3DC¨$.>
1)4.>=E�(+C)3R/~"G>I");<(<"G3=/24tW0/I*'(+*�\^>I4Ë$'&G37*'@)4_\`/I,D3]WY>I@)"GCG/24'QA,D>I"GCL(<$'(+>I"�\�>I4Ë6U/DEF3D*t(<"�;<(+cN@)(+C)*=KY(<"G*'$.3=/IC�>2\
8Xc�dÌ»7626�¿Ë»|(<"É$'&G3Ë;<(<H7(<$

α → 0
¿uÀ

ρgζ − ρ(∂tφ)z=ζ +
1

2
(∇φ)2z=ζ = 0

»^½Ld*) �}¿
fU&G3
	�C�� 3DcZ@0/2$'(+>I"A$'&G35"A35HJ354'OF3D*�$.>R;+>V6?3D*'$�"G>I"N$'4'(<EN(B/2;y>I4.C)354�(<"b*'(<H]@);<$z/2"G3D>I@G*�1Y354'$'@)4'W0/2$'(+>I"A3&%�1
10/2"G*'(+>I"G*7(<"

(h/λ)2
/2"GC

ζmax/h
�\-�35H7HJ354É¾������ ��dÃ»�Ç�*7CL(+*'$'(<"G,5$-\�4.>IH�$'&G3~¹0>=6 EF35;+>�,5(<$�QÄ(<"�$'&G3

>I$'&G354S$#6?>R3DcN@0/2$'(+>I"G*=K
u
(<" 8Xc[d�»^½Ld*)}½F¿UC)35"G>I$.3D*S$'&G3t*.@)4_\^/I,D3�CL(+*'1);B/I,D35HJ35"N$=d ¿

!#"G*.354'$'(+>I"É(<"N$.>7$'&G3t3DcN@0/2$'(+>I"G*T,D>I"LhG4'H $'&0/2$S$'&G3�hG4.*'$:&0/I*T/-OF35"G354z/2;Ì(<H71);<(+,5(<$x*.>I;<@)$'(+>I"
u(6.24) = f(x − u(6.24)t)

»^½Ld*)��F¿
6:(<$'&

f
/2"�/24'W)(<$'4z/24'Q-\|@)"G,5$'(+>I"9>2\Y(<$.*8/24'O}@)HJ35"Z$t»|$.>�WY3TC)35$.354'H7(<"G3DC~WZQ-$'&G3S(<")(<$'(B/2;�,D>I"GCL(<$'(+>I"[¿uK�6:&)(<;+3

$'&G3�$#6?>J>I$'&G354.*T&0/DEF3t$'&G3Ë10/24'$'(+,5@);B/24�*.>I;<@)$'(+>I"G*

ϕ(6.25)(ξ) = c − a +
2a

1 + ea(ξ−b)

»^½Ld*)��F¿

ϕ(6.26)(ξ) =
3c

cosh2 [12
√

c(ξ − x0)]

»^½Ld Î��F¿
�� =�DWQ#Y<= IKC�S�DWU���DWQ#Y<?XR ? ��� S@?�� Q<T*?XPXp
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¼¸(<O}@)4.3T½Ld ½LÀ �M/24'(+>I@G*X68/=EF3T$#QN1Y3D*��\-�35H7HJ354T¾������ ��dy/F¿��¸354'(+>NCL(+,T1�354'HR/2"G35"N$M68/=EF3}d�W[¿ � >I;<(<$z/24'Q-68/=EF3
$�Q�1Y3D*�»|1)@);+*.3�/2"GC ' ��(<")�>' ¿ud¸,V¿MfÌ68>�1�*.>I;<(<$.>I"{*.>I;<@)$'(+>I"�>2\�/�"G>I");<(<"G3=/24:CL(ÆÅY354.35"N$'(B/2;�3DcN@0/2$'(+>I"ÌKLCL4z/D6:"É/2$
Î	(<"G*'$z/2"N$.*]»

t1 < t2 < t3
¿
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¼¸(<O}@)4.3�½Ld���À.3x4z/=6:(<")O~>2\¸$'&G3�/F¿ �8@)4'OF354.*T/2"GC{W[¿ 	�C�� 68/=EF3�*.>I;<@)$'(+>I" �\-x35H7HJ354�¾������ �

6:(<$'&
a
K
b
K
c
/2"GC

x0
W�35(<")Ox,D>I"G*'$z/2"Z$.*¸>2\)(<"Z$.35O}4z/2$'(+>I"Ìd�fU&G3X;B/2$'$.354�$�6?>x*.>I;<@)$'(+>I"G*�4.351)4.3D*.35"Z$�1�354'HR/2"G35"N$

68/=EF3D*UWZQRC)3uhG")(<$'(+>I"ÌdM¼�(<O}@)4.3�½Ld���*'&G>=6S*8HJ>I4.3D>VEF354:$'&0/2$?$'&G35Q~/24.3�*.>I;<(<$z/24'QJ6U/DEF3D*=K)>2\�$'&G3H' ��(<")� '�/2"GC
$'&G3�1)@);+*.3Ë$#QN1Y3}K)4.3D*'1Y3D,5$'(<EF35;<QFd
f�>�C)35HJ>I"G*'$'4z/2$.3~$'&G3J1)4.>I1Y354'$'(+3D*	>2\T*.>I;<@)$'(+>I"G*]>2\:$'&G3J\|4.3D3&1^¹0>V6³3DcN@0/2$'(+>I"ÌKy/2"GC $.>�@)"GC)354.*'$z/2"GC

WY35$'$.354y$'&G3U1)4.>I1�354'$'(+3D*X>2\�$'&G3U$�68>�*.>I;<(<$z/24'Q]6U/DEF3S*z>I;<@)$'(+>I"G*=K}(<$y6:(<;<;)WY3?@G*z3u\|@);L$.>�,D>I"G*'(+C)354y$'&G3UE}/24'(+>I@G*
$.354'HJ*SHJ>I4.3�,5;+>}*.35;<QFd
�����������
	����������� � 35$H8Xc�dM»^½Ld*)��N¿�C)35"G>I$.3R$'&G3JEF35;+>�,5(<$�QAh035;+C (<"%/�¾43 Ê'35$t6:(<$'&Ä/=EF354z/2OF3REF35;+>�,5(<$�Q c

K
6:(<$'& /�683=/2�g1Y354'(+>NCL(+,�1�354'$'@)4'W0/2$'(+>I" *'@)1Y354'1Y>}*.3DCg6:&)(+,z&¨6:(<;<;�W�3b/I*.*'@)HJ3DC¨$.>�WY3É(<")(<$'(B/2;<;<Q
&0/24'HJ>I")(+,}À

u = c + u′

∂u′

∂t
+ (c + u′)

∂u′

∂x
= 0

!#"G*.354'$'(+>I"�>2\
u′ ∼ cos(kx − ωt)

O}(<EF3D*

V =
ω

k
≈ c + u′
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fU&G3�1)&0/I*.3�EF35;+>�,5(<$�Q~(+*?*.3D35"�$.>]EI/24'Q9/2;+>I")O	$'&G3?Ê'35$=d�fU&G3x6U/DEF3Ë1)4.>2hG;+3�6:(<;<;YW�3D,D>IHJ3ËC)3u\^>I4'HJ3DC
6:(<$'&�$'(<HJ3}À7fU&G>}*.3~HR/I*.*	10/24'$'(+,5;+3D*	6:&)(+,.&g/2;<4.3=/ICLQ�HJ>VEF3R\`/I*'$.354	$'&0/2"%$'&G3�/DEF354z/2OF39EF35;+>�,5(<$�Q
(u′ > 0)

6:(<;<;?W�37HJ>VEN(<")OA*'$'(<;<;y\`/I*'$.354=K�/2"GC $'&G>}*z37HJ>=E�(<")Ob*.;+>=6?354	6:(<;<;M(<"G,54.3=/I*.(<")O};<Q *';B/I,.�F35"
*.1�3D3DCed fU&)(+*9&0/I*RWY3D35"¨1);+>I$'$.3DCÃ(<" ¼¸(<O}@)4.3b½Ld��LKT(<" /�4.3u\�354.35"G,D3A*'QL*'$.35H«HJ>VEN(<")O�6:(<$'&Ã$'&G3
/=EF354z/2OF3UEF35;+>N,5(<$#Q

c
d�fU&G3?EF35;+>�,5(<$�Q�1)4.>2hG;+386:(<;<;�W�3D,D>IHJ3U*'$.3D351Y354y/2"GC	*.$.3D351�354=d �b/2$'&G35HR/2$'(+,=/2;<;<QFK

H]@);<$'(<EI/2;<@G3DCL"G3D*z*Ë6:(<;<;¸>�,D,5@)4=K[/I*x(+*T(<"GCL(+,=/2$.3DC�(<"b$'&G3�hGO}@)4.3}d��A�Ã&)(+,.&b(+*x>2\M,D>I@)4.*z3t1)&ZQL*'(+,=/2;<;<Q
(<H71Y>}*.*'(<W);+3}À ¶ i��=ru· �ul'�I�0�|�]6:(<;<;�>�,D,5@)4=K�/I*x(<"GCL(+,=/2$.3DCbWZQÉ4.35HJ>VEI/2;�>2\X$'&G3]*.&0/IC)3DC�10/24'$.*�>2\X$'&G3
,5@)4'EF3D*f$)1)&ZQL*'(+,=/2;<;<QFKFsun�vTw[�Ë6:(<;<;�C)35EF35;+>I1Ìd
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U(x, t) = 1 + f , f(x, t) = e−

√
c(x−x0−ct)
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√
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√
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t = t∗ = (x02 − x01)/(c1 − c2)
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