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∂tu +

1

2
∇(u·u) − u×(∇×u) = −

∇p

ρ
−∇U Ñ ¶VX)(eÒ

ÄB476�254=<CH9N�296IH5JÐ/;+�25476�)+*�ÏicE<CPCP�NV<?@F),:=:]6IH{1`/;HT)K:]/;296I+.25<¸),P��G/bc
(ω = 0)

X{º¯6�<C+7@96IH52f1h/;H
u
1£H9/;J

 �/MX Ñ#"	" Ò8<C+%25476_H96IJK),<C+=<C+=W�296IH5JQ@g/;+%25476,)-*8ÏMX '�+%25476_¬7H9@52�296IH5JÐcR6[:M6IH5J�Z=296[25476Q/;H9N=6IH´/,1R254762¾cR/KN=6IH5<CdS),25<?/;+7@{/,1
Φ
a=@9/_254G),2f),PCP�25476�296IH5JQ@{>b),+OLM6�6�V:=H96A@9@96ANOL.-DWSHF);NV<?6I+.29@b�

∇ (−∂tΦ +
1

2
(∇Φ)2 +

p

ρ
+ U) = 0 Ñ ¶VX *^Ò

º»476I+ 25476DWSHF);NV<?6I+^2K/,1f@9/;JQ6 /^ZG),+.25<C2¾- <?@��b6IH9/=an254=<?@�/^ZG),+.25<C2¾- J´Z7@92[LM6U)¹>A/;+7@52F),+.2bX�Ï^<C+7>A6
g =

(0, 0,−g)
a�cR6[>b),+%<C+.296IWSHF),296Q25476

z
>A/;J[:]/;+76I+.2´/,1. �/MX Ñ ¶VXß¶eÒ8),+7N*We6I2 U = gz + f̃(t)

X '¾+7@96IH525<?/;+<C+.29/ Ñ ¶VX *^Ò�a7cE<C254�@9Z=L7@96�/.Z76I+^2{<C+^296IWSHF),25<?/;+µaw/;WQ<C+^296IWSHF);@h«5/;+µaGWS<Cde6A@T),+7/;25476IH t
�¾N=6I:]6I+7N=6I+.2T<C+.296IWSHF),25<?/;+>A/;+7@52F),+^2{<C+.29/QcE4=<?>94

f̃(t)
>b),+iLM68<C+7>IPCZ7N=6AN��

• /T�����wÆ;Ç�������0 �	�21IÇ=�S�h�`Æ;��3IÆS���wÆ;�=�I�o�S�h�hÆS�w�;�54T¡VÆS�¾���G�h�`�;�76EÆ98 �
−

1

g
∂tΦ +

1

2g
(∂iΦ)2 +

p

ρg
+ z = f(t) Ñ ¶VX).eÒ

*T/bcª6Ide6IHbaµcª6_JK)A-¹>947/�/S@96
f(t) =

²e/;+7@52F),+^2ka�@5<C+7>A6[)KH96I:=P¸);>A6IJQ6I+.2´/,1
Φ Φ − g

∫
f(t) dt

WS<Cde6A@T25476@F),JQ6E:=4^-�@9<?>b),PGde6IP?/�>I<C2¾-[de6A>I29/;H
u
X � @nNV<?@525<C+7>I2©1£H9/;J: /wX Ñ#"	" Ò�a.254=<?@ª),H5L=<C25HF),H5-[>A/;+7@52F),+.2R<?@�25476f@F),JQ61`/;H{),PCP�@525H96b),J[PC<C+76A@bX

'�+0254=<?@B>A/;Z=H9@96TcR6fcE<CPCP]Z7@968)´PC<C+76b),H5<��b6ANUde6IH9@5<?/;+i/,1; �/MX Ñ ¶VX).eÒR);@E)´@92F),H525<C+=W	:]/;<C+.2R1`/;Hª254768@525Z7NV-/,1�@5Z=HÂ1`);>A68cB)Ade6A@f<C+�)_PC< /^Z=<?N�X
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p8q�� � ��vGuw}F�3}Âu&� y�~	� ��}5v]�;	|9yBuw} ��~
ÄB47/S@96 /^ZG),+.25<C25<?6A@ka^N=6�¬7+76AN[L^-' �/^@kX Ñ#"&" Ò�),+ Ñ#"&" Ò�a.WS<Cde6{)8P?/�>b),PG),+7NK)8WSP?/;LG),P7JQ6b);@5Z=H96Sa^H96A@5:]6A>I25<Cde6IPC-ea/,1©)��7Z=<?N�¤¥@{H9/;2F),25<?/;+G),P3:=H9/;:M6IH525<?6A@kX©º¯6�cE<CPCPµ¬7H9@52{>A/;+7@5<?N=6IHf25476�de/;H525<?>I<C2¾-U1`/;H{@9/;JQ6g6�V:=PC<?>I<C25PC-UWS<Cde6I+�G/bc³¬G6IP?N=@kX¯º¯6U25476I+±We/*/;+�29/%N=6IH5<Cde6O),+�6�/^ZG),25<?/;+\/,1fJQ/;25<?/;+�1`/;H_de/;H525<?>I<C2¾-eaB),+G),P?/;We/;Z7@[29/¹25476
%8)Ad�<?6IH �ÀÏ^29/;²e6A@R6�/^ZG),25<?/;+01h/;H

u
X�®�<C+G),PCPC-QcR6�cE<CPCPw:=H9/bde6�)�>A/;+7@96IH5dS),25<?/;+025476A/;H96IJ�1`/;H©25476{>I<CH9>IZ=P¸),25<?/;+<C+�)_+7/;+^d^<?@9>A/;Z7@��7Z=<?N�X

�������
	 ����������������������! #"����
$%�� '&)(+*-,.��/0(+&�12&)(435��6%$712&�/8129%���:(+&��;6

<>=�?�@BADC�EGF%?�C.H!I'JK?!L4MNLOAD?�P%Q ÄB4=<?@{2¾-�:M6�/,1��G/bcl<?@�N=6�¬7+76ANOL^-
u = Ω×r Ñ ¶VXSReÒcE476IH96

Ω
<?@©25476fH9/;2F),25<?/;+G),P�),+=WSZ=P¸),H©1hH96�/^Z76I+7>I-Qde6A>I29/;HbXUTT@5<C+=W´H96IP¸),25<?/;+7@R1hH9/;J $ 4G),:=296IH�ËT),+7N� :=:]6I+7NV<m � cª6´We6I2b�

ωi = εijk∂jεmnkΩmxn

= (δimδjn − δinδjm)Ωmδjn

= (δimδjj − δijδjm)Ωm

= 2Ωi Ñ ¶VXWVSÒ� de6IP?/�>I<C2¾-Q¬G6IP?NKcE<C254D254=<?@©H9/;2F),25<?/;+G),P]:=H9/;:]6IH52¾-Q4G);@B)g>A/;+7@92F),+.2Bde/;H525<?>I<C2¾-Q<C+i),PCPG:]/;<C+.29@ka^2�cE<?>A625476Q),+=WSZ=P¸),H81hH96�/^Z76I+7>I-eX�ÄB476[>I<CH9>IZ=P¸),25<?/;+�),H9/;Z=+7N¯)D>I<CH9>IZ=P¸),H´>IZ=H5de6_<C+¯)0:=P¸),+76_cE<C254
Ω
);@g)+7/;H5JK),P3de6A>I29/;H�cE<CPCPµL]68:=H9/;:M/;H525<?/;+G),P�29/[25476g>I<CH9>IP?6�HF);NV<CZ7@�@ /.ZG),H96AN�aG);>A>A/;H9NV<C+=W029/' �/MX Ñ#"	" Ò�X

X ABP;Y[Z:?!JKL4Y+\�Q^] $ /;+7@5<?N=6IHD25476i1`/;PCP?/bcE<C+=W��G/bcÉ¬G6IP?N¼<C+¼>I-�PC<C+7NVH5<?>b),PT:M/;P¸),HD>A/^/;H9NV<C+G),296A@ Ñ @96A6 � :	�:]6I+7NV<m � Ò�aVcE<C254
K
)_>A/;+7@52F),+^2b�

uφ =
K

r
, ur = uz = 0 Ñ ¶VXßÍeÒ

'�2nN=6A@9>IH5<CL]6A@©)TH9/;2F),25<?/;+D),H9/;Z=+7NQ25476
z
)§�<?@ka;cE<C254QH9/;2F),25<?/;+G),PGde6IP?/�>I<C2¾-_<C+.de6IH9@F6IPC-_N=6I:]6I+7N=6I+.2R/;+25476RNV<?@52F),+7>A6ª1hH9/;JÅ25476B)§�<?@kX-�B6A>b),Z7@96R/,1725476ªH9/;2F),25<?/;+G),P=@5-�J[JQ6I25H5- Ñ <C+7@5296b);N_/,17We/;<C+=W8254=H9/;Z=WS4)¯N=6I2F),<CP?6AN¼>b),P?>IZ=P¸),25<?/;+wÒQcª6O@96A6O254G),2Q25476ide/;H525<?>I<C2¾-±de6A>I29/;HD>b),+=+7/;2Q4G)Ade6¹),+.-±>A/;J[:]/;+76I+76I2:]6IH5:]6I+7NV<?>IZ=P¸),H{29/_25476

z
)§V<?@b�

ωr = ωφ = 0 Ñ ¶VXßÌeÒ
TT@5<C+=W, �/MX Ñ#"	" Òªcª6�We6I2{25476�254=<CH9NO>A/;J[:]/;+76I+.2b�

ωz =
1

r

∂

∂r
(r uφ) = 0 (r 6= 0) Ñ ¶VXCË��eÒ

ÄB4=<?@0�G/kcÉ¬G6IP?N»4G);@��b6IH9/�de/;H525<?>I<C2�-¼<C+ ),PCP{:]/;<C+.29@D+7/;2D/;+»25476
z
)§V<m Ñ 1h/;H r = 0

+76I<C25476IH25476�de6IP?/�>I<C2¾-O+7/;HT25476´de/;H525<?>I<C2�-�<?@TN=6�¬7+76ANGÒ�XgÏ^25<CPCPoaG25476	>I<CH9>IZ=P¸),25<?/;+�),H9/;Z=+7N¹),+^-�>IP?/S@96AN¹>IZ=H5de6),H9/;Z=+7N¹25476
z
)§V<?@�<?@f+7/;+!�b6IH9/=X8Ï^<C+7>A6

ω = 0
1h/;H

r > 0
aG25476�>IZ=H5de6	>b),+jLM6�N=6�1h/;H5JQ6ANj<C+.29/i)>I<CH9>IP?6g<C+O25476

xy
:=P¸),+76gcE<C254O>A6I+.296IHT/;+O25476

z
)§V<?@baVcE<C2547/;Z=2f),+^-U>F4G),+=We6´/,1�25476�>I<CH9>IZ=P¸),25<?/;+µ�

Γ =

∫
2π

0

uφ r dφ = 2πK =
²e/;+7@92F),+.2 Ñ ¶VXCËSËkÒ

_ÀÚ�æ¥ÛoåÀîoâ;é9ÛoÝãë�åÂæ¥ðfèÂésæßæßå5êa`�b�c�c�dGefb�g�c)h8áFî%ijb�bBefglkfgminefo>kqprdGefb
g�c)h.ô



���� ��� ��� 	������ 	 � ���
	 ��� � ����� ��	������ Ë�.

®�<CWSZ=H96�¶VXSRV��Ï^Z7>A>A6A@9@5<Cde6�:]/S@5<C25<?/;+7@E1`/;HT)Qde/;PCZ=JQ6�6IP?6IJQ6I+^2f<C+*)eÒE@9/;PC<?N&�oL]/^NV-iH9/;2F),25<?/;+%),+7NOLwÒ�>I<CH9>IZ	�P¸),25<?/;+OcE<C254 �b6IH9/Qde/;H525<?>I<C2¾-
ÄB4=<?@g<?@8H96IP¸),296AN*29/U25476[@5<C+=WSZ=P¸),H5<C2¾-*/;+%25476

z
)§�<?@bX '¾+*25476[>F4G),:=296IH´/;+%PC<m1£28cR6_cE<CPCPn@96A6	254G),2254768>A/;+7>A6I:=2E/,1�de/;H525<?>I<C2�-.1hH96A68>I<CH9>IZ=P¸),25<?/;+i<?@R6A@F@96I+.25<¸),PM1`/;HB),+i),<CH5:=P¸),+76S¤¥@{),L=<CPC<C2¾-029/�@92F)A-Q<C+D25476),<CHbX��7<CWS4.2f/,1n),+�),<CH5:=P¸),+76SX

=��.Y8M2J���?	��Q $ /;+7@9<?N=6IHB)´de6IP?/^>I<C2�-[¬G6IP?N01h/;HB)��G/kc <C+025476 x
NV<CH96A>I25<?/;+µaVcE<C254U25476fJK),WS+=<C25Z7N=68/,1µ25476de6IP?/�>I<C2¾-iN=6I:]6I+7N=6I+.2T/;+

y
/;+=PC-]�

u = u(y) , v = w = 0 Ñ ¶VXCËb¶eÒ
� >b),P?>IZ=P¸),25<?/;+j/,1

∇×u
WS<Cde6A@k�

ωx = ωy = 0 Ñ ¶VXCË�(eÒ
ωz = −

∂u

∂y
Ñ ¶VXCË *^Ò

Tf+=P?6A@9@
u(y) =

>A/;+7@52F),+^2ka=cR6�We6I2{)_de/;H525<?>I<C2¾-i>A/;J[:]/;+76I+.2f<C+O25476
z
NV<CH96A>I25<?/;+µX�


ÄB476�¬7H9@92{2¾cR/06�7),J[:=P?6A@T@96IH5de6�29/Q<C+7NV<?>b),296�254G),2f>I<CH9>IZ=P¸),25<?/;+¹<?@{NVZ76´29/0)  �¢��;��^�_Æ 3	È;�£�9�5 A�h�`Æ;� aM),+7N+7/;2Q29/%25476i>IP?/S@F6AN±:G),254µX¼®�<CWSZ=H96�¶VXSR%@947/bc�@K),+½),+G),P?/;WS-eaRcE476IH96j>b);@96O)eÒ	4G);@[de/;H525<?>I<C2�-eaE>b);@96iLwÒ+7/;2bX�ÄB476K254=<CH9N�6�7),J[:=P?6D@547/bc�@	254G),2�>I<CH9>IZ=P¸),25<?/;+±>b),+ LM60NVZ76Q29/ �F¢V�9�;�DÈ.� 3IÆ;���Q�S�h�`Æ;� /,1�de/;PCZ=JQ66IP?6IJQ6I+.29@Q<C+�254760�G/bcE<C+=W¹�7Z=<?N�X%®�<CWSZ=H96i¶VXWVj@547/bc�@_6�7),J[:=P?6A@[/,1fN=6�1h/;H5JK),25<?/;+�cE<C254\),+7N cE<C2547/;Z=2@5Z7>F4�>I<CH9>IZ=P¸),25<?/;+µXÏ�6A>I25<?/;+ �8Xß¶Q/,1 � :=:]6I+7NV<m �'@547/kc�@{47/kc·),+*),H5L=<C25HF),H5-�N=6�1h/;H5JK),25<?/;+*/,1©)[de/;PCZ=JQ6	6IP?6IJQ6I+.28>b),+L]6�@5:=PC<C25296ANi<C+.29/Q296IH5JQ@�cE<C254j),+7NicE<C2547/;Z=2{de/;H525<?>I<C2¾-eX
��������� � *U� ,.�./0(+&
12&)(O3�����9%��(+&
�.6 ��6%$ ,.��/+(>� �-�
&�6U�!�

º¯6jcE<CPCP8N=6IH5<Cde6*),+ 6�/.ZG),25<?/;+»1`/;H025476¹N=6Ide6IP?/;:=JQ6I+.2i<C+»25<CJQ6*/,1´25476�de/;H525<?>I<C2�-¼<C+ )¯d�<?@9>A/;Z7@U),+7N<C+7>A/;J[:=H96A@9@5<CL=P?6��7Z=<?N�XnÄB4768JK);@9@R1`/;H9>A6T¬G6IP?NUcE<CPCPµLM6�);@9@9Z=JQ6ANU29/_LM68>A/;+7@96IH5dS),25<Cde6SaG);@B<C+  �/MX Ñ ¶VXß¶eÒ�Xº¯6K@92F),H52gL.-%P?6I2525<C+=Wj25476K>IZ=H5Pª/;:]6IHF),29/;H	);>I2	/;+�L]/;254�@5<?N=6A@�/,1E25476 %8)Ad�<?6IH �ÀÏ^29/;²e6A@�6�/^ZG),25<?/;+ Ñ#"	" Ò�X�B6A>b),Z7@96{/,1µ25476{H96IP¸),25<?/;+ Ñ#"	" Ò�25476f>A/;+.25H5<CL=Z=25<?/;+7@R1hH9/;J :=H96A@9@9Z=H96f),+7N0JK);@9@�1`/;H9>A6�cE<CPCPMNV<?@F),:=:M6b),HbX&'�+254768H96A@52�/,1�254768296IH5JQ@Ecª68JK)b-D>F4G),+=We6�25476�/;H9N=6IH�/,1�254768N=6IH5<CdS),25<?/;+7@ba7@9/	254G),2�>IZ=H5P3);>I29@B:=H5<?/;HE29/
∂t),+7N

∇2
X�TT@5<C+=W, �/MX Ñ#"	" Òªcª6�JK)b-DcEH5<C296g25476�H96A@5Z=PC2f);@b�

∂tω + ∇×((u·∇)u) = ν ∇2ω Ñ ¶VXCË�.eÒ
���]Ü§ÝßÞµîoåÀÞ`ì,æ¥Û��§ésà,à§æßÝãåÂêfÝßâ8é©æ¨é9ÛoåÀîµè¾Ü;ésàkÛoåÀî��bäµÝßæãæ.ï�é���å�ì,Þwîoå5ésæßÝ��Âå�ÛoÜ;é9ÛµåÂëIåÂâ{æãésïEÝßâ;é9îµóSá�ì§â;ê,é9î`ðEæãéÂðAåÀîoÞ�é�ê��`ésèÀåÂâAÛ�ÛoáàSásÛoåÀâbÛoÝãéFæ.ñ,á9äµÞ�äµÝßæßæ�Ü,é9ë�å�æßásÛoÞ�ásí=ëIáFî`ÛoÝßèÂÝ¥Û£ðAô
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®3<CWSZ=H96�¶VXWV����n/;PCZ=JQ6´6IP?6IJQ6I+^29@�<C+j)eÒR@5476b),H��G/bcÅ),+7NiLwÒªH9/;2F),25<?/;+V1hH96A6´N=6�1`/;H5JK),25<?/;+
'�+�25476	@96A>A/;+7N¹296IH5J�/;+¹25476���*8Ïicª6�JK),²e6[),+j<C+7@96IH525<?/;+j1hH9/;J  �/MX Ñ#"&" Ò�X�'¾+j25476´P¸),25296IH�6�/^ZG),25<?/;+µa25476g@96A>A/;+7NU296IH5J /;+O25476�� *�Ï06�/.ZG),P?@ �b6IH9/	1h/;HT),+i<C+7>A/;J[:=H96A@9@5<CL=P?6��7Z=<?N�aG@9/_254G),2b�

∂tω + (u·∇)(∇×u) = ((∇×u)·∇)u + ν ∇2ω Ñ ¶VXCË4ReÒ
 �/MX Ñ#"	" ÒB),:=:=PC<?6ANO/;+7>A6�JQ/;H96SaG),+7N�)[H96I<C+.25H9/�NVZ7>I25<?/;+j/,1�25476g@5Z=L7@52F),+^25<¸),P�N=6IH5<Cd;),25<Cde6SaGWS<Cde6A@

•
25476�� Æ;���h�` I�h� 4D�21IÇ=�S�h�`Æ;� �

Dtω = (ω ·∇)u + ν ∇2ω Ñ ¶VXCËOVSÒÓf+�>A/;J[:]/;+76I+.2{1h/;H5JO�
∂tωi + uk∂kωi = ωm∂mui + ν∂n∂nωi Ñ ¶VXCËbÍeÒ

$ /;J[:G),H96D+7/bc³25476U6�/.ZG),25<?/;+ 29/¹25476�%8)Ad�<?6IH �ÀÏ^29/;²e6A@[6�/^ZG),25<?/;+±),+7N�29/¹25476KZ7@9ZG),PR@9>b),P¸),H_NV<-,]Z7@5<?/;+6�/^ZG),25<?/;+µaG),+7Ni25476�<C+^296IH5:=H96I2F),25<?/;+¹/,1�25476�6�/.ZG),25<?/;+�1h/;PCP?/kc�@b�
•
ÄB4768@96A>A/;+7ND296IH5J�/;+U25476���*8ÏQP?6I29@R25476Tde/;H525<?>I<C2¾-UNV<-,MZ7@96TN=/bcE+�),P?/;+=WQ)D¤ de/;H525<?>I<C2¾-DWSHF);NV<?6I+.2b¤CÃ25476�¬7H9@52E296IH5JÉ/;+O25476���*8ÏKH96I:=H96A@96I+^29@{254768<C+V�7Z76I+7>A6�/,1�de6IP?/�>I<C2¾-i>F4G),+=We6A@

� @�25476RJQ6b),+=<C+=W�/,1G25476ª¬7H9@52�296IH5JÅ<?@�P?6b);@52�6Id^<?N=6I+^2baSP?6I2�Z7@3>A/;+7@9<?N=6IH�25476B6�/^ZG),25<?/;+	1h/;H�25476©+7/;+^d^<?@F>A/;Z7@>b);@96
ν = 0

X�º¯6gcEH5<C296
ω = (ξ, η, ζ) Ñ ¶VXCËbÌeÒL=Z=2�cE<CPCP�>A/;+7@9<?N=6IHf)_>b);@968cE476IH96

ω
<C+=<C25<¸),PCPC-U<?@E:G),HF),PCP?6IP�29/_25476

z
)§�<?@ Ñ ξ = η = 0

Ò��

Dtω = ζ
∂u

∂z
Ñ ¶VXß¶+�eÒ

º¯6�cE<CPCP�+76A6ANi29/K>A/;+7@5<?N=6IHf¶;Y�),+7N (;YÅ�G/bc�@f@96I:G),HF),296IPC-eX
�
	 ��?	��Q Ï^Z=:=:]/S@96T254G),2

u = u(x, y)
a=);@Rcª6IPCP�);@

w =
�[/;H�>A/;+7@52F),+^2§X�ÄB4768>A/;+7NV<C25<?/;+

ξ = η = 0<?@�25476I+O25H5<Cd^<¸),PCPC-i@F),25<?@5¬G6AN�a7),+7Ni25476�de/;H525<?>I<C2¾-i/,1n)	�7Z=<?Ni:G),H525<?>IP?6�<C+�25476T�G/bcl<?@  9Æ;�=�b��� � �5È �
Dtω = 0 Ñ ¶VXß¶VËkÒ
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®�<CWSZ=H96´¶VXßÍV�nÄ�cª/0@5Z7>A>A6A@9@5<Cde68:]/S@5<C25<?/;+7@�/,1n)_de/;H5296�UPC<C+76�cE<C254O2¾cR/[�7Z=<?Ni:G),H525<?>IP?6A@
� 	 ��?	��Q '�+i254=<?@�>b);@96

u = u(x, y, z)
XRÓf+O>A/;J[:]/;+76I+.2�1`/;H5J 25476g6�/^ZG),25<?/;+OH96b);N=@b�

Dtξ = ζ
∂u

∂z
Ñ ¶VXß¶S¶eÒ

Dtη = ζ
∂v

∂z
Ñ ¶VXß¶+(eÒ

Dtζ = ζ
∂w

∂z
Ñ ¶VXß¶ *^Ò

ÄB476f¬7H9@52R2¾cR/_>A/;J[:M/;+76I+^29@EN=6A@9>IH5<CLM6A@�� ÆS���¾���K� 8��¸�I�h���	� a�@5<C+7>A68)gdS),H5<¸),25<?/;+i/,1 u ),+7N v
<C+D25476

zNV<CH96A>I25<?/;+0JK),²e6A@
ω
>94G),+=We6{<C29@©NV<CH96A>I25<?/;+µX�ÄB476E254=<CH9N[296IH5J H96I:=H96A@96I+.29@ � Æ;�I�¾���	�I�h�5�I�o I¢.���	� cE<C254),+±);>A>A/;J[:G),+.-�<C+=W¯>94G),+=We6U/,1{@525H96I+=WS254µ� � d;),H5<¸),25<?/;+�/,1

w
cE<C254

z
cE<CPCPB@525H96I29>94±/;H�@947/;H5296I+25476Q�7Z=<?N�:G),H525<?>IP?60<C+�25476

z
NV<CH96A>I25<?/;+ Ñ cE<C254 ),+�);>A>A/;J[:G),+.-�<C+=W*>F4G),+=We6U/,1E>IH9/S@F@´@96A>I25<?/;+ <C+25476

xy
:=P¸),+76�LM6A>b),Z7@96E/,1�>A/;+.25<C+^Z=<C2¾-7Ò�a�cE<C254Q25476EH9/;2F),25<?/;+0@9<CJ´Z=PC2F),+76A/;Z7@5PC-_L]6A>A/;J[<C+=Wg1o);@5296IHn/;H@9P?/bcª6IHbX %f/;25<?>A6T25476g),+G),P?/;WS-D29/_@9/;PC<?NDLM/�NV-KJQ6A>F4G),+=<?>A@ba=cE476IH968<C+O),+i6�=),J[:=P?68254768H96I+7/kcE+76ANN7),+7>A6IHf:=Z=PCP?@E25476´),H5JQ@E29/kcR),H9N=@f25476�L]/^NV-DNVZ=H5<C+=WD)	:=<CH9/;Z76I25296�),+7NU25476I+�H9/;2F),296A@E1o);@5296IHbX

ÄB476B296IH5JQ@�de/;H5296�[@525H96I29>94=<C+=W�),+7N_de/;H5296�	2¾cE<?@525<C+=W�>b),+[),P?@F/8LM6RWS<Cde6I+K),+_<C+.296IH5:=H96I2F),25<?/;+K1h/;H�d�<?@9>A/;Z7@�G/bc Ñ ν 6= 0
Ò�X$'�+*)KWS<Cde6I+%@5<C25ZG),25<?/;+*cE<C254

Dtω = 0
a�/;+76�JK)A-j2F),PC²j),LM/;Z=2g)KLG),P¸),+7>A6	LM6I2�cª6A6I+*1`/;H<C+7@52F),+7>A6�de/;H5296�i2�cE<?@525<C+=W0),+7Nid�<?@9>A/;Z7@�NV<-,]Z7@5<?/;+�/,1�de/;H525<?>I<C2¾-eX� +G),P?/;We/;Z7@5PC-U29/[@525H96b),J[PC<C+76A@baGcª6�JK)b-D+7/kclN=6�¬7+76S�

• �=Æ;�I�¾���D�����]�s� ),H968<C+7@52F),+.2F),+76A/;Z7@T>IZ=H5de6A@E254=H9/;Z=WS4�25476T�7Z=<?N�a7cE<C254 ω
);@�2F),+=We6I+.2{<C+�),PCP�:]/;<C+.29@

� ¢V�5ÆS�5��� �
•
®7/;H_)i+7/;+^d^<?@9>A/;Z7@´�G/bc Ñ ν = 0

Òg)iWS<Cde6I+�de/;H5296�¯PC<C+76A@�cE<CPCPª),PCcR)b-�@	:G);@9@�254=H9/;Z=WS4 25476K@s),JQ6�7Z=<?NO:G),H525<?>IP?6A@
ÄB476_25476A/;H96IJ >b),+%L]6	:=H9/bde6AN%L^-¹>A/;+7@5<?N=6IH5<C+=W�2¾cª/U:G),H525<?>IP?6A@�/;+�)0de/;H5296�¹PC<C+76Sa�cE<C254%<C+V¬7+=<C296A@9<CJK),PNV<?@52F),+7>A6

ε
),+7N

ω = (0, 0, ζ)
),2

T = 0
X � 1£296IHT)_25<CJQ6

δt
25476´PC<C+76�cE<CPCP�4G)bde6´>F4G),+=We6AN�<C29@E:]/S@5<C25<?/;+µa@96A6�®�<CWSZ=H96´¶VXßÍV�

ωt=δt = (ζ
∂u

∂z
δt, ζ

∂v

∂z
δt, ζ + ζ

∂w

∂z
δt) Ñ ¶VXß¶+.eÒ� 2

t = 0
25476�de6IP?/^>I<C2�-U<?@

(u, v, w)
<µ:=Z=+=²�2 � aVcE4=<CP?6�<C+O:]/;<C+.2��½<C2E<?@

(u +
∂u

∂z
ε, v +

∂v

∂z
ε, w +

∂w

∂z
ε) Ñ ¶VXß¶0ReÒ
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®�<CWSZ=H96´¶VXßÌV�nÄ�cª/Q@9Z7>A>A6A@9@5<Cde6�:]/S@5<C25<?/;+7@�/,1n)	JK),296IH5<¸),P�P?/�/;:
ÄB476I+O25476IH96´),H96g25476T1h/;PCP?/kcE<C+=WK:]/S@5<C25<?/;+�NV<-,�6IHF),+7>A6�de6A>I29/;H9@�L]6I2¾cR6A6I+�25476�:]/;<C+.29@b�

AA′ = (uδt, vδt, wδt) Ñ ¶VXß¶+VSÒ
BB′ = ((u +

∂u

∂z
ε)δt, (v +

∂v

∂z
ε)δt, (w +

∂w

∂z
ε)δt) Ñ ¶VXß¶SÍeÒ

A′B′ = (
∂u

∂z
εδt,

∂v

∂z
εδt, ε +

∂w

∂z
εδt) Ñ ¶VXß¶SÌeÒ

� >A/;J[:G),H5<?@9/;+�/,1B25476K6�V:=H96A@9@5<?/;+7@ Ñ ¶VXß¶+.eÒg),+7N Ñ ¶VXß¶SÌeÒg@547/bc�@�254G),2g25476[<C+V¬7+=<C296A@5<CJK),PRPC<C+76Q6IP?6IJQ6I+^2L]6I2¾cª6A6I+±25476D:]/;<C+.29@_cE<CPCPB4G)Ade6U25476D@F),JQ6UNV<CH96A>I25<?/;+¼);@
ω
),2Q),PCPB25<CJQ6A@bX�Ï^<C+7>A6D254=<?@_47/;P?N=@´1`/;HQ),PCP:G),H525<?>IP?6�:G),<CH9@{cE<C254j),+i<C+V¬7+=<C296A@5<CJK),P�<C+^296IH9NV<?@52F),+7>A6Saw25476825476A/;H96IJÉ4G);@EL]6A6I+O:=H9/bde6AN�X

��������� � *U��� �!�),U&�6���� �!����*%�.��� 12&
/ 129%�
��(+&
�.65(+*U� �./+�!�

$ /;+7@5<?N=6IH�)U>IP?/S@F6AN%P?/^/;:%cE4=<?>F4 ),2´),PCP�25<CJQ6A@´:G);@9@�254=H9/;Z=WS4¯25476Q@s),JQ6	�7Z=<?N%:G),H525<?>IP?6A@g<C+�)0�G/kc Ñ )�Q�S�¾�����h�S�µ�mÆkÆs¡ Ò�aG),+7NU<?@{254.Z7@�1h/;PCP?/kcE<C+=WQ254768�G/bcgÃw@96A6�®�<CWSZ=H96´¶VXßÌVX )�6I2�254768�G/bclLM6�>A/;J[:=H96A@9@9<CL=P?6g<C+We6I+76IHF),Poa�),+7N%);@9@5Z=JQ6�254G),2825476��G/bc�<?@T<?@96I+.25H9/;:=<?>Q),+7N¹254G),2825476	JK);@9@T1`/;H9>A6g¬G6IP?N*<?@8>A/;+7@96IH5dS),25<Cde6SXÄB476I+O25476	� ��� � �£��
��������¢VÆ;���_ A���5 IÇ��m�S�h�`Æ;�¯�£¢V�9Æ;�5�I� >IP¸),<CJQ@E254G),2b�
•
'¾1�25476T�G/kcl<?@E+7/;+^d^<?@F>A/;Z7@ba=25476I+O25476�>I<CH9>IZ=P¸),25<?/;+*),H9/;Z=+7NO254768P?/�/;:O<?@�>A/;+7@96IH5de6AN��

Dt

∮
u·dl = 0 Ñ ¶VX)(+�eÒ

*T6IH96Sa
Dt

<?@�<C+.296IH5:=H96I296ANU);@n),+K/;:]6IHF),25<?/;+Q<C+K),PCP7:]/;<C+.29@n/;+K25476BJK),296IH5<¸),PGP?/�/;:µaScE4=<CP?6E25476E<C+^296IWSHF),25<?/;+),H9/;Z=+7N_25476BP?/�/;:[<?@�<C+7@52F),+.2F),+76A/;Z7@bX�ÄB476B:=H9/�/,1w<C+^de/;PCde6A@ª),+_<C+.296IH9>F4G),+=We6f/,1M25476B/;H9N=6IH©/,1w<C+^296IWSHF),25<?/;+),+7NO@5Z=L7@92F),+.25<¸),P�N=6IH5<CdS),25<?/;+µ�
Dt

∮
u·dl =

∮
(Dtu)·dl +

∮
u·Dt(dl) Ñ ¶VX)(VËkÒ

ÄB4=<?@�<?@8),PCP?/bcR6AN¹),P?@F/_1h/;Hf25476g>A/;+.de6A>I25<Cde6	:G),H52baGLM6A>b),Z7@96	)[N=6IH5<CdS),25<?/;+j<C+O25<CJQ6´L.-i25476�>94G),<C+�H5Z=P?6´<?@<C+.de/;PCde6AN�X '¾+i25476�¬7H9@52E296IH5JOa=<C+.25H9/�NVZ7>A6  nZ=P?6IHb¤¥@{6�/^ZG),25<?/;+ Ñ#"	" ÒB),+7N  �/�@bX Ñ ¶VXß¶eÒE),+7N Ñ#"	" Ò��
∮

(Dtu)·dl = −

∮
(
∇p

ρ
+ ∇U)·dl

= −

∮
d(h + U)

= 0 Ñ ¶VX)(S¶eÒ
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 � � ��� 	_ËbÌ
'�+¹25476_@96A>A/;+7N*296IH5JOa]+7/;25<?>A6	¬7H9@92T254G),2

dl
<?@g)DNV<-,]6IH96I+7>A6_L]6I2¾cR6A6I+¯2¾cR/U:M/S@5<C25<?/;+%de6A>I29/;H9@

r
a]cE4=<CP?6

Dtr = u
�

∮
u·Dt(dl) =

∮
u·du

=

∮
(u du + v dv + w dw)

=
1

2

∮
d(u2 + v2 + w2)

= 0 Ñ ¶VX)(+(eÒº»4=<?>94O<C2�H96IJK),<C+76ANO29/Q@547/bcgÃ725476�:=H9/^/,1�<?@E254^Z7@E¬7+=<?@5476AN�XÏ^<C+7>A6
Γ
<?@R),P?@9/gWS<Cde6I+0L.-K)g@9Z=HÂ1`);>A6E<C+^296IWSHF),P�/,1]25476{de/;H525<?>I<C2¾-0);>A>A/;H9NV<C+=W	29/  /wX Ñ#"&" Ò�a.cª6IHR+7/;25<?>A6254G),2�25476T�7ZVO/,13de/;H525<?>I<C2�-i254=H9/;Z=WS4j)_JK),296IH5<¸),PµP?/�/;:i<C+j)	+7/;+^d^<?@9>A/;Z7@��7Z=<?Ni<?@�>A/;+7@96IH5de6AN�X $ 4G),+=We6A@/,1n),H96b)[/,1�@9JK),PCP�JK),296IH5<¸),P�P?/�/;:7@E254.Z7@{<CJ[:=PC-0de/;H5296�O@525H96I29>F4=<C+=W7Xº¯6�cE<CPCP�H96I25Z=H5+�P¸),296IH�29/K)_>IP¸);@F@{/,1��G/bcl:=H9/;L=P?6IJQ@f/,1n>A/;+7@5<?N=6IHF),L=P?6g296A>F4=+=<?>b),P�);@EcR6IPCP�);@�6Ide6IH5- �N7)A-i<CJ[:]/;H52F),+7>A6gcE4=<?>F4¹>b),+jLM6´N=6A@9>IH5<CLM6AN�L.-  �Z=P?6IHb¤¥@T6�/.ZG),25<?/;+µaM6Ide6I+�<m1�254768�7Z=<?N�<?@�d�<?@9>A/;Z7@bXRÄB476

��6IPCd�<C+	� *f6IPCJ[47/;P���25476A/;H96IJÉ25476IH96�1`/;H96�4G);@{)_P¸),H5We6´),H96b)Q/,1�),:=:=PC<?>b),25<?/;+µX�'¾+i254=<?@{>A/;Z=H9@96�cª6gcE<CPCPµZ7@9625476�25476A/;H96IJ�1`/;HE25476gN=6A@9>IH5<C:=25<?/;+¹/,1�PC<m1h2bX
� � Æ��9�_ 9Æ;�G��0 È	�
p8q�
 �¯~	x�v� �°y�~	� z �{z�x�~fu�	z ��� � �	x�~��w}Âu � ���Ev�y·�;�{z��	v]x��G�G}��	|9x ��	}9�
� +.-gde/;PCZ=JQ6R6IP?6IJQ6I+.2�<C+[)B�7Z=<?N_>A/;+.2F),<C+7@�<C+^296IH5+G),P=6I+76IH5WS-eae),+7N	),P?@9/f²�<C+76I25<?>ª6I+76IH5WS-�),+7N	JQ/;JQ6I+^25Z=J<m1325476T�G/kc'de6IP?/�>I<C2¾-D<?@�NV<-,]6IH96I+^2B1£H9/;J �b6IH9/=Xnº½476I+�)��7Z=<?NU<?@R�G/kcE<C+=W7a725476IH968<?@B254.Z7@f)	25HF),+7@5:M/;H52�/,16I+76IH5WS-0),+7NDJQ/;JQ6I+.25Z=JÉ);@F@9/^>I<¸),296AN0cE<C254D25476{JK);@9@R25HF),+7@5:]/;H52bX&'�2ª>b),+DLM6TN=6A@9>IH5<CL]6ANKL^-Q25476 ���M��� �94
6EÆ98\È.���=���£� 4 ),+7NK25476 �QÆ;�K���G�hÇ�� 6EÆ98\È.���=���£� 4 ae25476T6I+76IH5WS-[d�@kXS25476�JQ/;JQ6I+^25Z=J°:]6IH©Z=+=<C2E),H96b)�:]6IHZ=+=<C2�25<CJQ6SX&'�+i25476A@968P?6A>I25Z=H96�+7/;296A@{25476�>A/;+7>A6I:=2{/,13�G/kclN=6I+7@5<C2�-0<?@�6A@F@96I+.25<¸),P�1`/;HE25476�N=6A@9>IH5<C:=25<?/;+�/,16I+76IH5WS-ONV<?@9@5<C:G),25<?/;+µaw@96A6�L]6IP?/bcgX�'�2�<?@{),P?@9/K<CJ[:M/;H52F),+^2{1`/;H�25476�Z=+7N=6IH9@92F),+7NV<C+=We/,1ª6I+76IH5WS-i25HF),+7@Â1`6IH{<C+25Z=H5L=Z=P?6I+.2{�G/bc�@bXº¯6jcE<CPCP{¬7+7N½254G),201h/;HU),+¼<?N=6b),PT�7Z=<?N¼25476j6I+76IH5WS-±�G/bcÐN=6I+7@5<C2�-\<?@U)%de6A>I29/;HD:G),HF),PCP?6IPT29/�25476de6IP?/�>I<C2¾-¯de6A>I29/;Hba�cE4=<CP?6K1h/;H�254760N=6�¬7+=<C25<?/;+�/,1�JQ/;JQ6I+.25Z=J��G/kc°N=6I+7@9<C2¾-�) �¾���=�IÆS� 4G);@´29/jLM6KZ7@96AN1`/;HT25476[N=6A@F>IH5<C:=25<?/;+µX '�+*LM/;254%>b);@96A@825476[N=6IH5<CdS),25<?/;+¯@52F),H529@T1hH9/;JÐ25476�P?/�>b),P�25<CJQ6[N=6IH5<Cd;),25<Cde6K/,1©254766I+76IH5WS-¯/;HgJQ/;JQ6I+^25Z=J :]6IHgZ=+=<C2�de/;PCZ=JQ6Sa�),+7N�<C+7@96IH525<?/;+¯1`/;H

∂tu
1hH9/;J�25476  nZ=P?6IH�6�/^ZG),25<?/;+ Ñ#"	" Ò�XÄB476�H96A@5Z=PC25<C+=Wi6��:=H96A@9@9<?/;+7@8),H96�25HF),+7@Â1`/;H5JQ6AN¹<C+.29/DNV<Cde6IH5We6I+7>A6A@g/,1ª)Qde6A>I29/;H�/;HT296I+7@9/;HTL.-j),:=:=PC-�<C+=W25476_>A/;+.25<C+^Z=<C2¾-¯6�/^ZG),25<?/;+ Ñ#"	" Ò�X �R-¹),+%6I+7@5Z=<C+=Wi@5:G),25<¸),P�<C+^296IWSHF),25<?/;+�/,1©25476_NV<Cde6IH5We6I+7>A6A@ba��g),Z7@9@b¤¥@25476A/;H96IJ Ñ#"	" ÒT25HF),+7@51h/;H5JQ@´254=<?@´<C+^29/j)i@5Z=HÂ1o);>A6[<C+^296IWSHF),PR/,1E25476Qde6A>I29/;H	/;Hg296I+7@9/;HbXUÄB4=<?@gde6A>I29/;H_/;H296I+7@9/;H�JK)b-U25476I+iLM6´);@F@9/^>I<¸),296ANUcE<C254¹)��G/bcÅN=6I+7@9<C2¾-eX

'�+*254=<?@�@5:M6A>I<¸),P�>b);@96_/,1E),+¹<?N=6b),P��7Z=<?N¹cR6_cE<CPCPn>A/;+7>A6IH5+¯/;Z=H9@96IPCde6A@g),LM/;Z=2�25476	:G),H52g/,1©25476	�G/kcN=6I+7@5<C25<?6A@�H96IP¸),296AN�29/�JK);@9@�25HF),+7@5:M/;H52bX '¾+�25476Q+76�V2�@96A>I25<?/;+�cª60cE<CPCPR@96A6Q254G),2´1`/;H	)Od^<?@9>A/;Z7@g�7Z=<?N25476IH96�cE<CPCPµL]6g);N=NV<C25<?/;+G),P�296IH5JQ@�<C+O254768�G/bcÅN=6I+7@5<C25<?6A@{NVZ76829/[<C+^296IH5+G),Pµ1hH5<?>I25<?/;+µX
� �;Y YrP.Y8J��!H � ?	� C Y8P��OA�LGH�Q
)µ6I2

ε
N=6I+7/;296 �£�G�¾�����w�;�©���M�I� �94[¡=���[Ç��7�£���[�;�F� X %T6IWSP?6A>I25<C+=WO>A/;+.25H5<CL=Z=25<?/;+7@´1hH9/;J�:]/;296I+.25<¸),Pª6I+76IH5WS-ea25476�dS),H5<¸),25<?/;+OcE<C254O25<CJQ6g/,1�25476�6I+76IH5WS-U:M6IHEZ=+=<C2{de/;PCZ=JQ6�),2{)	WS<Cde6I+O:]/;<C+.2f<C+O@5:G);>A6�<?@

∂t(
1

2
ρu·u + ρε) Ñ ¶VX)( *^Ò
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ÄµHF),+7@51h/;H5J 25476T²�<C+76I25<?>�6I+76IH5WS-0296IH5J�L^-0Z7@9<C+=W[25476T6�/^ZG),25<?/;+�/,1�JQ/;25<?/;+�),+7NU25476�>A/;+.25<C+.Z=<C2�-O>A/;+7NV< �25<?/;+µ� �
∂t(

1

2
ρu·u) =

1

2
u·u∂tρ + ρu·∂tu

= −
1

2
u·u

NV<Cd
(ρu) − u·

WSHF);N
p − ρu·((u·∇)u)

= −
1

2
u·u

NV<Cd
(ρu) − u·

WSHF);N
p −

1

2
ρ(u·∇)(u·u) Ñ ¶VX)(+.eÒ

ÄB476�WSHF);NV<?6I+^2{296IH5JÉ>b),+OL]68H96IcEH5<C25296I+�Z7@9<C+=W[25476�25476IH5JQ/^NV-�+G),J[<?>b),P�H96IP¸),25<?/;+ Ñ#"	" Ò©1hH9/;J � :=:M6I+7NV<m
$ ae/;WgcR6�/;L=2F),<C+K25476I+D),+K6��:=H96A@F@5<?/;+K>A/;+.2F),<C+=<C+=W	25476 ���w�h�ÂÆs¡ 4 s

),+7N[25476 ���G�£¢��;� ¡�4 h ¡=���fÇ^�7�h�3�[�;�F� �
∂t(

1

2
ρu·u) = −

1

2
u·u

NV<Cd
(ρu) − ρu·

WSHF);N
(
1

2
u·u + h) + ρTu·

WSHF);N
s Ñ ¶VX)(0ReÒ

®7/;H�25476©25HF),+7@51h/;H5JK),25<?/;+[/,1725476ª25<CJQ6ªN=6IH5<CdS),25<Cde6B/,1725476©<C+^296IH5+G),PV6I+76IH5WS-´cª6B),:=:=PC-g25476©H96IP¸),25<?/;+7@ Ñ#"	" Ò�aÑ#"	" ÒE),+7N Ñ#"	" Ò��{1hH9/;J � :=:M6I+7NV<m $ aG),+7NO),P?@9/Q25476�>A/;+.25<C+.Z=<C2�-�6�/^ZG),25<?/;+µ�
∂t(ρε) = ε∂tρ + ρ∂tε

= h∂tρ + ρT∂ts

= −h
NV<Cd

(ρu) − ρTu·
WSHF);N

s Ñ ¶VX)(+VSÒ� >A>A/;H9NV<C+=WSPC-]�
∂t(

1

2
ρu·u + ρε) = −(

1

2
u·u + h)

NV<Cd
(ρu) − ρ(u·∇)(

1

2
u·u + h)

= −
NV<Cd

{ρu(
1

2
u·u + h)} Ñ ¶VX)(SÍeÒ

�R-0<C+^296IWSHF),25<?/;+¹),+7NiZ7@F6�/,1 ��),Z7@F@b¤¥@E25476A/;H96IJO�
∂t

∫
V

(
1

2
ρu·u + ρε) dV = −

∫
V

NV<Cd
{ρu(

1

2
u·u + h)} dV

= −

∮
S

ρu(
1

2
u·u + h)·dS Ñ ¶VX)(SÌeÒ

ÄB4=<?@�@547/kc�@�254G),2�25476gde6A>I29/;H
jE = ρu(

1

2
u·u + h) Ñ >A/;J[:=H96A@9@9<CL=P?6��7Z=<?NGÒ Ñ ¶VX * �eÒ

>b),+iL]68<C+.296IH5:=H96I296ANj);@�),+O6I+76IH5WS-0�G/bcÅN=6I+7@5<C2¾-ea7@9<C+7>A6825476�@5Z=HÂ1`);>A68<C+^296IWSHF),PµJ´Z7@92�6�/.ZG),P�25476�6I+76IH5WS-25HF),+7@5:]/;H5296ANO/;Z=2{/,1�25476�de/;PCZ=JQ6�:]6IHEZ=+=<C2�25<CJQ6SX®7/;H�),+ ���w FÆ;�f¡w�5���F�s� ���?� �7Z=<?N�a  �/MX Ñ ¶VX)(+VSÒ�<CJ[:=PC<?6A@T254G),2 ∂t(ρε) = 0
a]@5<C+7>A6

s =
>A/;+7@52F),+^2§X{º½<C254

h = ε + p/ρ
),+7N

ε =
>A/;+7@52F),+.2Bcª6825476I+UWe6I2R2547686I+76IH5WS-Q�G/bc'N=6I+7@9<C2¾-Q1`/;HR25476f<C+7>A/;J[:=H96A@F@5<CL=P?6�>b);@96SacE<C254j),+�),H5L=<C25HF),H5-O>A/;+^25H5<CL=Z=25<?/;+O1hH9/;J 25476�<C+.296IH5+G),P�6I+76IH5WS-D@9Z=:=:=H96A@9@96ANi<C+i25476�+7/;2F),25<?/;+µ�

jE = ρu(
1

2
u·u +

p

ρ
) Ñ <C+7>A/;J[:=H96A@9@5<CL=P?6��7Z=<?NGÒ Ñ ¶VX *7ËkÒ

��� â8ÛoÜ,å�è5éFÞ`åRáFíMéFâ i o���e��
	>b�c����i�� pWc©ñ,ì,ÝãêfäMåªï�éÂð�ÛoÜ,åÂâ�ì§Þ`å�ÛoÜ,ånèÂá�âAÛoÝßâbì,Ý¥Û£ðfå��Aì;é9ÛoÝßá�âgê§Ýßë
u = 0

ÛoáEÝãïEïEåÂê§ÝãéFÛoåÂæ¥ðÛ`î¾ésâ§ÞhímáFîoïEÝãâ§çfÛoÜ§å������8ásí�å��Sô����Aô ���! �ÝßâAÛoá8é�ÛoásÛ¾ésæGêkÝãë�åÀîoç�åÂâ§èÂå �^Þ`áfÛoÜ,éFÛ�ÛoÜ§åRîoåÂÞ`ì,æ¥Û�Ýßâ#"$�;ô%���bô &('� �åÂïEåÀîoçsåÂÞnê§Ý¥îoåÂèÀÛoæ¥ðëbÝãé*)�ésì§Þ`Þ�+ ÞµÛoÜ,åÀásîoåÂï8ô$�båÂå�,=îoá�ó,æßåÂï-�Aô �bô
.0/	å�ésÞ`Þ`ì§ïEå�ÛoÜ;é9Û�ÛoÜ,å�àkîoáAèÂåÂÞ`Þ�ÝãÞ�ésê§Ýãésó,éFÛoÝßè�ô
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 #�#%�  � 
 � � ��� 	�¶VË
� �;Y�� ?�� Y8P:L���� � ?	� C Y8P��OA�LGH�Q
ÄB476[JQ/;JQ6I+^25Z=J :]6IHgZ=+=<C2´de/;PCZ=JQ6K<?@

ρu
X  �Z=P?6IHb¤¥@	6�/.ZG),25<?/;+ ),+7N¯25476[H96�/^Z=<CH96IJQ6I+.2_/,1B>A/;+^25<C+.Z=<C2�-+7/bclWS<Cde6A@

∂t(ρu) = ρ∂tu + u∂tρ

= −ρ(u·∇)u −
WSHF);N

p − u
NV<Cd

(ρu) Ñ ¶VX *.¶eÒ
'�2EcE<CPCPµLM68Z7@F6�1£Z=P�29/_cEH5<C296�254=<?@f/;+O>A/;J[:M/;+76I+^2�1`/;H5JO�

∂t(ρui) = −ρuk∂kui − ∂ip − ui∂k(ρuk)

= −∂ip − ∂k(ρuiuk)

= −∂kΠik Ñ ¶VX * (eÒÄB476 /^ZG),+.25<C2�-
Πik = pδik + ρuiuk Ñ ¶VX *+*^Ò<?@{>b),PCP?6AN�25476 �QÆ;�K���G�hÇ�� 6EÆ98 È.���=���£� 4D�¾���=�IÆS� X�'¾2{<?@{@5-�J[JQ6I25H5<?>g<C+j25476�<C+.296IH9>F4G),+=We6[/,1�25476g<C+7NV<?>A6A@

i
),+7N

k
Xn®G/;PCP?/bcE<C+=WD)[de/;PCZ=JQ6�<C+.296IWSHF),25<?/;+µa ��),Z7@9@b¤¥@B25476A/;H96IJ +7/bc'WS<Cde6A@k�

∂t

∫
V

ρui dV = −

∫
V

∂kΠik dV

= −

∮
S

Πikn̂k dS Ñ ¶VX * .eÒ
*T6IH96Sa

n̂k

<?@�)f>A/;J[:M/;+76I+^2n/,1725476©Z=+=<C2�+7/;H5JK),PVde6A>I29/;H�<C+_){:]/;<C+.2�/;+�25476B@5Z=HÂ1o);>A6Sa;@9/{254G),2
dS = n̂ dS

XÄB476i<C+^296IWSHF),+7N
Πikn̂k

<?@_25476i�G/bcÉ/,18JQ/;JQ6I+.25Z=J >A/;J[:M/;+76I+^2K+7/=X
i
:]6IH[@5Z=HÂ1`);>A6OZ=+=<C2bX � 1h296IHK)J´Z=PC25<C:=PC<?>b),25<?/;+ /,1fL]/;254¼@5<?N=6A@_L^-

êi

29/¹¬7+7N�25476idS),H5<¸),25<?/;+\cE<C254±25<CJQ6O/,1825476U29/;2F),P�JQ/;JQ6IJ�25Z=Jde6A>I29/;Hba=25476�<C+^296IWSHF),+7N�/;+O25476 � *�ÏQL]6A>A/;JQ6A@
Πikêin̂k = pn̂ + ρu(u·n̂) Ñ ¶VX * ReÒÏ^<C+7>A6f25476{JQ/;JQ6I+^25Z=J�<C29@96IPm1µ<?@R)´de6A>I29/;HB:G),HF),PCP?6IPw29/

u
a^cª6T>b),+=+7/;2�)Ade/;<?Ni)g@5<CJ�Z=PC2F),+76A/;Z7@E@5:]6A>I<m¬G>b) �25<?/;+O/,1 � 8©Æ NV<CH96A>I25<?/;+7@��\1`/;H�LM/;254i254768de6IP?/�>I<C2¾-i),+7Ni25476�@5Z=HÂ1o);>A6T+7/;H5JK),PoXnº¯68+7/;25<?>A68254G),2�25476T�G/kcN=6I+7@5<C2�-0/,1�JQ/;JQ6I+^25Z=J 254=H9/;Z=WS4O)´@5Z=HÂ1o);>A6T4G);@B/;+76f296IH5J�NVZ76T29/�25476f:=H96A@F@5Z=H96Sa=),+7NU),+7/;25476IHEcE4=<?>F4<?@�N=6I:]6I+7N=6I+.2T/;+i25476´),+=WSP?6�L]6I2¾cª6A6I+

u
),+7N

n̂
�

• u ‖ n̂
�

p + ρu·u
<C+O25476

n̂
NV<CH96A>I25<?/;+

• u ⊥ n̂
�

p
<C+O25476

n̂
NV<CH96A>I25<?/;+

� �;Y�� ?�� Y8P:L���� � ?	� C Y8P��OA�LGH L4Y8P��4?�J M P;C L �;Y Y	�
�.MNLOAD?�P ?��� ? LOAD?:PUQ

º¯6�+7/;25<?>A6�254G),2{25476  �Z=P?6IHf6�/^ZG),25<?/;+�>b),+OL]68cEH5<C25296I+�/;+O25476T1`/;H5J
ρDtui = ∂kσik + ρgi Ñ ¶VX *8VSÒcE476IH96�25476g@9-^J[JQ6I25H5<?>b),P �I�h�5���F�´�¾���=�AÆ;� <?@EWS<Cde6I+OL.-U254768JQ/;JQ6I+^25Z=J�N=6I+7@5<C2�-D�G/bc'296I+7@9/;HT);@
Πik = −σik + ρuiuk Ñ ¶VX *.ÍeÒ

*T6IH96
σik

>A/;+.2F),<C+7@R/;+=PC-[25476E<?@9/;25H9/;:=<?>b),PM:=H96A@9@5Z=H96E296IH5J
−pδik

X *T/bcª6Ide6IHba�L^-[We6I+76IHF),PC<��A<C+=W�25476f@525H96A@9@296I+7@9/;H_29/j<C+7>IPCZ7N=6U),P?@F/�d�<?@9>A/;Z7@_@525H96A@9@96A@ka3cR6D+7/;25<?>A60254G),2_25476D6�/.ZG),25<?/;+±/,1{JQ/;25<?/;+ 1`/;H_)�d�<?@9>A/;Z7@�7Z=<?N�1`/;PCP?/bc�@Q1£H9/;J  /wX Ñ ¶VX *8VSÒ�X½ÄB4=<?@Q4G);@[L]6A6I+±Z7@96AN±<C+ � :=:]6I+7NV<m �°<C+\25476ON=6IH5<CdS),25<?/;+¼/,1825476
%8)Ad�<?6IH �ÀÏ^29/;²e6A@f6�/^ZG),25<?/;+µX
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p8q�� �±�	x�}Fz���	|9�wx��.z �fz�x�~{u 	z ��v]}9~	�3}5�_|9x��
 �/MX Ñ ¶VX * (eÒª<?@B),+O),PC296IH5+G),25<Cde6T1`/;H5J�/,1325476� �Z=P?6IH�6�/^ZG),25<?/;+01`/;H�),+U<?N=6b),P]>A/;J[:=H96A@F@5<CL=P?6T�7Z=<?NUcE<C2547/;Z=26�V296IH5+G),P8¬G6IP?N»1h/;H9>A6A@bX '�201`/;PCP?/bc�@i1£H9/;J!25476%N=6IH5<CdS),25<?/;+Å),+7N  �/MX Ñ#"	" Ò0254G),2i25476%>A/;H5H96A@5:]/;+7NV<C+=W6�V:=H96A@9@5<?/;+O1`/;Hf)_d�<?@9>A/;Z7@f>A/;J[:=H96A@9@5<CL=P?6��7Z=<?N�cE<C254O¬G6IP?NO1h/;H9>A6 Ñ WSHF)Ad�<C2F),25<?/;+G),P31`/;H9>A6kÒR<C+7>IPCZ7N=6AN�awcE<CPCP6IJQ6IH5We6TcE476I+

τij

<?@R<C+7>IPCZ7N=6AND<C+
Πij

),+7N
ρg
<?@E);N=N=6ANU/;+D25476 ��*8ÏQ/,1 Ñ ¶VX * (eÒ�X� �/MX Ñ ¶VX * ReÒ©cE<CPCPM25476I+L]68H96I:=P¸);>A6ANOL.-

Πikêin̂k = pn̂ + ρu(u·n̂) − τikêin̂k Ñ ¶VX *.ÌeÒcE476IH96SaV1`/;H
∇·u = 0

a
τikêin̂k = µ(n̂k∇uk + (n̂·∇)u) Ñ ¶VX).+�eÒ

$ /;+7@96IH5dS),25<?/;+K/,1wJQ/;JQ6I+^25Z=J <C+[25476R�G/kc±<?@�25476I+Q6��:=H96A@F@96AN_L.-�25476EWe6I+76IHF),PC<��b6AN_1`/;H5JÔ/,1  �/MX Ñ ¶VX * .eÒ�a
• �£¢V� �.�I�M���5�;���£�f¡wÇ^�¨�A��
¾�QÆ;�K���G�hÇ���¡w���£�w I�ã¡w�C� 3AÆ;�´�;�¹���M 9Æ;�f¡w�9�s�F��� ���?� 6RÇ^�`È �

∂t

∫
V

ρu dV +

∫
S

ρu(u·n̂) dS = −

∫
S

pn̂ dS+µ

∫
S

n̂k∇uk dS+µ

∫
S
(n̂·∇)u dS+g

∫
V

ρ dV Ñ ¶VX).VËkÒ
'�2{),:=:=PC<?6A@�29/Q)[@52F),25<?/;+G),H5-O),+7NU+7/;+7N=6�1`/;H5JK),L=P?6´>A/;+^25H9/;P�de/;PCZ=JQ6

V
cE<C254�6I+7>IP?/S@5<C+=WK@9Z=HÂ1`);>A6

S
X®7/;H

µ = 0
),+7NO)[@52F),25<?/;+G),H5-D�G/bc'cR6�H96A>A/;WS+=<��b6g25476gJQ/S@52EZ7@5ZG),P�6�V:=H96A@9@5<?/;+U1`/;HE296A>94=+=<?>b),P3Z7@96S�

∫
S

ρu(u·n̂) dS = ΣF Ñ ¶VX).S¶eÒ
ÄB476i+7/;H5JK),P�de6A>I29/;H

n̂
:]/;<C+.29@0/;Z=2K/,1f25476Ode/;PCZ=JQ6SÃ�25476UJ[<C+.Z7@0@5<CWS+¼/;+±25476i:=H96A@F@5Z=H96U296IH5J�254.Z7@N=6I+7/;296A@�)01`/;H9>A6Q>A/;+^25H5<CL=Z=25<?/;+ 3��ÂÆ;� 25476Q@5Z=H5H9/;Z=+7NV<C+=We@ Æ;� 25476_�7Z=<?N¯<C+%25476Q>A/;+.25H9/;Pªde/;PCZ=JQ6SX 'o1�):G),H52´/,1R25476Q@5Z=HÂ1o);>A6[>A/;+7@5<?@529@�/,1B25476_cR),PCPª/,1E),+%<CJ[:M6IH5JQ6b),L=P?60>A/;+7NVZ=<C2��ea�25476_<C+^296IWSHF),Pª/,1B:=H96A@9@5Z=H96/bde6IH{254=<?@�:G),H52�cE<CPCP�WS<Cde6�25476´>A/;+7@525HF),<C+.2{1h/;H9>A6A@bX

p8q
	 �¯~	x�v� � �	}9�G�w}5�_yBuw}���~ }9~ y��8}F�G� ����l}9~�� �{z��	vMx��w�G} �_|9x ���}F�
ÄB476Od�<?@9>A/S@5<C2�-±/,1�)¹�7Z=<?N¼JK),²e6A@KJQ6A>94G),+=<?>b),P�6I+76IH5WS-±We6I2525<C+=W P?/S@52D);@K476b),2bX '¾+¼>A/;+^25HF);@52D29/%25476<?N=6b),PC<��b6AN±H96A@5Z=PC2_1hH9/;J )j:=H96Id^<?/;Z7@K@96A>I25<?/;+µa©25476IH96UJ�Z7@52[25476I+±L]6O)jNV<-,�6IH96I+7>A6iL]6I2¾cR6A6I+\25476U25<CJQ6N=6IH5<CdS),25<Cde6	/,1n25476	6I+76IH5WS-O<C+%)Qde/;PCZ=JQ6[),+7Nj25476´+76I286I+76IH5WS-i�G/kc·HF),296�254=H9/;Z=WS4*25476�@9Z=HÂ1`);>A6	/,1n25476de/;PCZ=JQ6SÃ=254=<?@{cE<CPCPµLM6825476�6I+76IH5WS-UP?/S@9@kXº¯6´cE<CPCP�N=6IH5<Cde6g254=<?@ È;�¸�s�s�ã¡V�S�h� � � 296IH5J�1`/;H�25476´>b);@F6g/,1©),+j);NV<¸),LG),25<?>g�G/kcÅ/,1©),+O<C+7>A/;J[:=H96A@9@9<CL=P?6�7Z=<?N�XEº»<C254�L]/;254�25476�6I+.25H9/;:.-

s
),+7Nj25476´N=6I+7@5<C2�-

ρ
>A/;+7@52F),+.2ba]),P?@9/Q25476�<C+.296IH5+G),P�6I+76IH5WS-

ε
cE<CPCP�L]6)_>A/;+7@52F),+^2baw);>A>A/;H9NV<C+=WK29/' /wX Ñ ¶VX)(+VSÒ�Xn²e/;+7@52F),+.2bXªÄB476�25<CJQ6gN=6IH5<CdS),25<Cde6

Ekin =
1

2
ρ

∫
V

u·u dV Ñ ¶VX).+(eÒ
cE<CPCPµ+7/kc'LM6�/,1�<C+.296IH96A@92bX� 1£296IH	2F),²�<C+=W¹25476D25<CJQ6UN=6IH5<CdS),25<Cde6D/,1  �/wX Ñ ¶VX).+(eÒ�cª6D<C+7@96IH52�1`/;H ∂tu

1£H9/;J�25476�%T)bd^<?6IH �ÀÏ^29/;²e6A@6�/^ZG),25<?/;+µa�1h/;H�/;Z=HB:=Z=H5:]/S@96A@BcEH5<C25296I+�/;+U254768:=H5<CJ[<C25<Cde681`/;H5J Ñ#"	" ÒªcE<C254i25476Td^<?@F>A/;Z7@B296I+7@9/;H�N=6�¬7+76AN);@E<C+  �/MX Ñ#"	" Ò��
∂tui = −uk∂kui −

1

ρ
∂ip +

1

ρ
∂kτik Ñ ¶VX). *^Ò

�,7ÜAðkÞ`ÝãèÂésæ^Ûoå�îoïEÝãâ§á�æßá�çFð�ímásî�	>i 	Kc���kqp p¸ô
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Ñ ®7/;H[@5<CJ[:=PC<?>I<C2�-�/,1�+7/;2F),25<?/;+±cª60+76IWSP?6A>I2_25476DWSHF)Ad�<C2¾-�296IH5JOXãÒlº¯60²^+7/kc°1£H9/;J 254760@F6A>I25<?/;+±),L]/;Z=26I+76IH5WS-´),+7N�JQ/;JQ6I+^25Z=JÅ�G/kc�N=6I+7@5<C2�-�254G),2�)§1h296IHµ<C+7@96IH525<?/;+	<C+g25476©6�V:=H96A@9@5<?/;+g1h/;Hµ25476©25<CJQ6©N=6IH5<CdS),25<Cde6/,1
Ekin

aS25476R¬7H9@52�2�cª/�296IH5JQ@n/;+[25476 ��*8Ï�>b),+[L]6BH96ANVZ7>A6AN[29/T25476�NV<Cde6IH5We6I+7>A6�/,1M25476Bde6A>I29/;H
jE

1hH9/;J
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