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)+*�,.-0/21435-76980,5:<;4=>:?=@/BABAC,.;5:D69,E15FHGI:?35-769;J6H3<,5:<;./21.,./23K1LF9MONP/2153KFHQR1TS7FD=VUE)+,T=@/BABACWX:?Y0FH*R:LWPZ[,.;5:D69,./B*0\
/B*[Y0:<,J69/BAC6]3D6H1J:^F9M_3<;5:K:<80/B*0\`S7FD=VU

aLbdc e4fdg�h	i5jlknmoi5pLqnf5mor	k%mostqnu	jwv�xzy^f5j_{R|0eEqnm@}oj�k%j�~4p	x�qnf5mTr
��-R:	*RFH*0AB/B*R:D69;^,5:<;.G�/B*t,.-R:]�46KN�/2:<;����P,5FH��:K1^:K��Q769,./2FH*�3D69QR15:K1E,.-769,^:��R6H3<,469*769ABZ�,./23D69AO15FHABQ0,./2FH*R143D69*
FH*0ABZ�WX:EM�FHQ0*RY�/B*t6�G�/B*RFH;./B,�Z[F9M_,.-R:^80-�Z&1./23D69ABABZ�;5:<A2:<NH69*P,�1./B,.Q769,./2FH*R1�Uz)+,@/21T35-769;J6H3<,5:<;./215,./23D69A�M�FH;@,.-R:
,�=�FIGIF�1.,@=�:<ABAB�P*RF�=@*�1JFHABQ0,./2FH*R1�M�FH;T6�*RFH*&��*R:<\�AB/B\�/BW0A2:VN�/2153KFHQR1@,5:<;.G[�

•
1.,J69,./2FH*769;.Z�A�69G�/B*769;�80/B8X:ES7F�=���� FH/21J:<Q0/BABA2:VS7F�=�¡

•
1.,J69,./2FH*769;.Z�A�69G�/B*769;E35-769*0*R:<A¢S7F�=

W£FH,.-[=@/B,.-�6�3KFH*R15,J69*�,oS7F�=¤3<;5F�151�15:K3<,./2FH*¢�0,.-769,�,.-R:^*RFH*0AB/B*R:D69;E3KFH*PN�:K3<,./BN�:	6H3K3K:<A2:<;J69,./2FH*�,5:<;.G¥Y0F�:K1
*RFH,¢80A�6DZL69*�Z4;5FHA2:>69, 69ABA�U ¦�F�=>:<N�:<;D�H*RFT6H1J1.Q0G�80,./2FH*	69W£FHQ0,�3<;5:K:<80/B*0\oS7F�= /21�/B*�N�FHABN�:KYP§¨,.-R:>*RFH*0AB/B*R:D69;
,5:<;.G�/21T©D:<;5FªM�FH;�\�:KFHGI:<,.;./23D69A�;5:D6H1JFH*R1D�«69*RY�,.-R:	15FHABQ0,./2FH*R1V69;5:?/B*t80;./B*R3</B80A2:]N�69AB/2Y�69A21JFIM�FH;

R � 1
U

)+*I80;J6H3<,./23K:���6H1z/21O=�:<ABA7��*RFD=@*¢�P,.-R:oN�69AB/2Y&/B,�Z]/21OAB/BG�/B,5:KYªW�Z]Q0808£:<;z3<;./B,./23D69AnN�69ABQR:K1�M�FH;
R
F9M«FH;5Y0:<;
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�

=@-R:<;5:^,.-R:^A�69G�/B*769;oS7FD=¬W£:K3KFHGI:K1@Q0*R1.,J69W0A2:�U
 *RFH,.-R:<;o,�Z�8£:VF9M S7F�=%=@-R:<;5:^,.-R:^*RFH*0AB/B*R:D69;T,5:<;.G®/21@*RFH,o©D:<;5F0�0W0Q0,T80A�6KZ&1T6�15:K3KFH*RYR69;.Z¯;5FHA2:��0/21
•
1.,J69,./2FH*769;.Z�A�69G�/B*769;�;5FH,J69,./B*0\¯°�FHQR:<,.,5:^S7F�=

/�U±:�UB��S7FD=²/B*�,.-R:^69*0*�Q0ABQR1@W£:<,�=�:K:<*�,�=�F];5FH,J69,./B*0\I3KF�6³��/�69A¢3<Z�AB/B*RY0:<;51DU�)+*ª,.-R:^69WR15:<*R3K:^F9M�/B*R15,J69W0/BAB/B,./2:K1
�´=@-0/235-�G`6DZ?;5:K15Q0AB,C/B*I6E3KFHG�80A2:<,5:<ABZ]Y&/¶µ£:<;5:<*P,_S7FD=·8769,.,5:<;.*n¡���69*�:��R6H3<,_1JFHABQ0,./2FH*I3D69*]:D6H15/BABZLW£:zM�FHQ0*RY
W�Z`6H1J1.Q0GI:�6L;5FH,J69,./2FH*769AX15ZPG�GI:<,.;.Z`69;5FHQ0*RYª,.-R:E6³�&/21>6H1>=>:<ABA«6H1>,.;J69*R1.A�69,./2FH*769A«1.ZPG�GI:<,.;.Z`69A2FH*0\?,.-R:
6³�&/21DU
¸�:�=@/BABAE6H151.Q0GI:�,.-769,`,.-R:�GI:<,.-RFPY¹F9MV15FHABQ0,./2FH*¨M�FH;I,.-R:[ºR;51.,`,+=>F»80;5FHW0A2:<GI1ª/21`�P*RF�=@*¨M�;5FHG

A2:K3<,.Q0;5:K1]FH;L,.;J69/B*0/B*0\¼80;5FHW0A2:<GI1	/B* ,.-R:¯:<A2:<GI:<*�,J69;.Z SRQ0/2Y GI:K3J-769*0/23K1�3KFHQ0;515:�U ��)+* ,.-R:¯:<A2:<GI:<*�,J69;.Z
3KFHQ0;515:@,.-R:<ZI69;5:oF9M�,5:<*I,.;5:D69,5:KY`/B*ª6^1./BG�80AB/¶º7:KY�=�6KZ��P=@/B,.-RFHQ0,>Y&/B;5:K3<,>;5:�M�:<;5:<*R3K:T,5F^,.-R:o�46KN�/2:<;����P,5FH��:K1
:K�PQ769,./2FH*¢½ 6ª80;5FH8X:<;4,.;5:D69,.GI:<*P,?3D69*¼WX:?M�FHQ0*RYtM�FH;4/B*R1.,J69*R3K:]/B*·¾±�_69ABGÀ¿DÁ�Â�Â�Ãz69*RY·¾ ÄE,.;5:<-PQR1I¿DÁ�Å&¿�Ã�UÆ¡
¸�:^=@/BABA«;5:<,.Q0;.*t,5F],.-R:^,.-0/B;5Y�/B*�6]80;5FHW0A2:<G®/B*�,.-0/21o35-76980,5:<;DU
��FHGI:	FH,.-R:<;E:��R6H3<,415FHABQ0,./2FH*R1T/B*�,.-R:?*RFH*0AB/B*R:D69;E3D6H15:��XF9MON�69;.ZP/B*0\�Y0:<\�;5:K:?F9MO80-PZ�15/23D69A ;5:<A2:<N�69*R3K:��

-76KN�:¯W£:K:<*»Y0:<;./BN�:KYÇ/B*²¾±È�69*RYR69QÉ69*RY»È«/¶M�1.-0/B,.©¼¿DÁ�Å�Â�Ã�Ut��-R:ª8£:<;.-7698R1?GIF�15,?/B*P,5:<;5:K1.,./B*0\�FH*R:`/21?N�FH*
ÊVË9;.G`Ë9*¢Ì±1C15FHABQ0,./2FH*^M�FH;«,.-R:_S7FD=�69;5FHQ0*RY?69*V/B*&ºR*0/B,5:�80A�69,5:z;5FH,J69,./B*0\T/B*?6�N�/2153KFHQR1£SRQ0/2Y	69;5FHQ0*RYL69*?6³�&/21
8£:<;.8X:<*RY&/23<Q0A�69;E,5F`,.-R:?80A�69,5:�UT)+,T/21T/B*t80;./B*R3</B80A2:	N�69AB/2Y�M�FH;E69ABACNH69ABQR:K1EF9MO,.-R:V8769;J69GI:<,5:<;51�U�¦EFD=�:<N�:<;D�
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+ /B\�Q0;5:-,RUB¿�.�/�/21J3KFHQR1�S7FD=%876H15,�6]1.80-R:<;5:��0/B*�6]80A�69*R:V,.-0;5FHQ0\�-[,.-R:L6³�&/21oF9M S7F�=V�&M�FH;T69;.W0/B,.;J69;.Z
φ

69A215Fª-R:<;5:L,.-R:?N�69AB/2Y&/B,�Z�FHQ0\�-P,E/B*t80;J6H3<,./23K:	,5F`W£:VAB/BG�/B,5:KY�W�Z�6ª3<;./B,./23D69ACNH69ABQR:	F9M>6`15Q0/B,J69W0ABZ�Y0:�ºR*R:KY
0T:<Z�*RFHA2Y01�*�Q0G?WX:<;D�4=@-0/23J-¤6H151.Q0GI:KY&ABZ =>FHQ0A2Y�/B*PN�FHABN�:�,.-R:�69*0\�Q0A�69;�M�;5:K��QR:<*R3<Z��E,.-R:���/B*R:<G`69,./23D69A
N�/2153KF�1./B,�Z�69*RY�,.-R:^A2F�3D69A«;J6HY&/BQR1@M�;5FHGl,.-R:L6³�&/21oF9M_;5FH,J69,./2FH*¢U

aLb21 3É{Xj�j_h]f5r�465]m�7 h	xokRq¬x kRh]u?j_{£j
°>;5:K:<80/B*0\�S7F�=V�«=@-R:<;5:�,.-R:	*RFH*0AB/B*R:D69;V,5:<;.G /21V6H151.Q0GI:KY¼,5F�W£:	©D:<;5F�WX:K3D69QR1J:

R � 1
�£80;5:K15:<*�,51	69*

FH808£FH;.,.Q0*0/B,�ZL,5F�QR15:>=>:<ABAB��*RFD=@*�,5:K3J-0*0/2��QR:K1CM�FH; ,.-R:�15FHABQ0,./2FH*�F9M78769;.,./�69A0Y&/¶µ«:<;5:<*�,./�69A0:K��Q769,./2FH*R1�U��PQR3J-
3KFH*RY&/B,./2FH*R1V69;./215:L/B*tN�69;./2FHQR1T\�:KFHGI:<,.;./2:K1�U98t¸�:?=@/BABAC3KFH*R1./2Y0:<;^6ª1.,J69,./2FH*769;.Z[/B*R3KFHG�80;5:K151./BW0A2:?N�/2153KFHQR1
SRQ0/2YtS7FD=�876H1.,^6`1580-R:<;5:	69,E;5:K1.,D�nM�FH;

R � 1
U4��-0/21E/2146ª3D6H15:?=@-R:<;5:L,.-R:]�46KN�/2:<;����P,5FH��:K1^:K��Q769,./2FH*

/21oAB/B*R:D69;./B©D:KY�Y&QR:V,5FI,.-R:?6H151.Q0G�80,./2FH*¼69WXFHQ0,E3<;5:K:<80/B*0\`S7F�=V�RW0Q0,�=@-R:<;5:V,.-R:VGI:<,.-RF�Y�F9MO15FHABQ0,./2FH*t/21
*RFH*�,.;./BN�/�69AC/B*t1.80/B,5:VF9M�,.-R:?1./BG�80A2:V\�:KFHGI:<,.;.Z�U@��-0/21E15FHABQ0,./2FH*[M�FH;o,.-R:VS7FD=¬80;5FHW0A2:<G�/21o,.-R:LW76H1./21@M�FH;
3D69A23<Q0A�69,./2FH*tF9M_,.-R:VY&;J69\�M�FH;53K:^FH*t6]1.80-R:<;5:VGIFDN�/B*0\I,.-0;5FHQ0\�-�6	N�/2153KFHQR1�SRQ0/2Y ���P,5FH��:K1�Ì±1@A�6K=�¡�U
:�;=<�;?> @BADC?E�FHGIADJLK2A)MONDPQCIA�RSGIFUTWVXJ&Y�Z[MHP#\]\^E[MHP
_�`ba#cd`HeUfhgjilknmpo�a#q�kDm�iSfhgsrHatkDmBu=evuwa#knx�y

+C/B\�Q0;5:[,RUB¿>1.-RFD=o1C,.-R:>\�:KFHGI:<,.;.Z�U_��-R:ON�:<A2F�3</B,�ZVN�:K3<,5FH; M�FH; ,.-R:z-RFHGIFH\�:<*R:KFHQR1CS7F�=�69,CA�69;.\�:zY&/215,J69*R3K:K1
M�;5FHG%,.-R:O1.80-R:<;5:z/21

u0

U ��-R:O1.80-R:<;5:O;J6HY&/BQR1�/21
R
U¢¸�:O=@/BABA�*R:<\�A2:K3<,�,.-R:OM�FH;53K:OF9M&\�;J6KN�/B,�Z�U_��-R:z80;5FHW0A2:<G

/21o=�:<ABA 1.Q0/B,5:KY�M�FH;o,.-R:L/B*�,.;5F�Y&QR3<,./2FH*�F9M�1.80-R:<;./23D69AC3KFPFH;5Y&/B*769,5:K1]��15:K:  808X:<*RY&/¶�  ¡�UR��-R:V80;5FHW0A2:<G"/21
1./BG�80AB/¶º7:KY�W�Z�,.-R:?;5FH,J69,./2FH*769A�1.Z�G�GI:<,.;.Zt69;5FHQ0*RY�,.-R:]6³�&/21T,.-0;5FHQ0\�-¼,.-R:	1.80-R:<;5:�Ì±1�3K:<*P,5:<;4/B*t,.-R:

u0Y&/B;5:K3<,./2FH*¢�X15F�,.-769,o=�:LY0F�*RFH,�*R:K:KY[,5FI3KFH*R1./2Y0:<;�,.-R:
φ
3KFPFH;5Y&/B*769,5:�U  Y0Y&/B,./2FH*769ABABZ��X,.-R:L6H1515Q0G�80,./2FH*

69W£FHQ0,O3<;5:K:<80/B*0\4S7FD=ÉG`69��:K1_,.-R:@1.,.;5:D69G�AB/B*R:�8769,.,5:<;.*`G�/B;.;5FH;O1.ZPG�GI:<,.;./23o69W£FHQ0,z6�80A�69*R:�,.-0;5FHQ0\�-�,.-R:
zI{O|=}v~��B�X���)�����S�h��|D|��I����|n���-�h��|?�������]���I�������I�����&���%���h�h�I������|I�2� �������I���]���B�v�]�B|I�����������������]�2�����v�����2�]�������h�)��� |I�h�

����~�����|w�t�2�2�����h���D���]���������I���h�������w��|I�h�n U¡�¢�£�¤�¢�¡�¥�¦�§�¨ª©I¦�«^¬9 ]�¤�£?¡�¤w®n« ¯h°�£±¨�©?¦�¬�¨ª¤�¥��^² ³U�����������9�2����´�µ�¶�·�¸9¹±�tº#�I�2�2~h���]��»^���
����|I�v�h�����l�2���]�����h�±�?���]����~v�?����|I�������b�I�2���2¼����h�2�±½¾|I�]���]¿*�������h|)�À|D�]���U|�|I������}Á�����Â|?����|D|I�h�B����|I���)���S}Á���h�)�������



����S� ����
�
�������� �B�&� � �t� ��	j� � ����
��*
 Í Â
3K:<*�,5:<;@F9M�,.-R:E1.80-R:<;5:�8X:<;.8£:<*RY&/23<Q0A�69;�,5FL,.-R:�S7F�=²6³�&/21DU_¸¹/B,.-ª,.-R:�N�:<A2FP3</B,+ZIN�:K3<,5FH;@Y0:K3KFHG�8XF�1J:KYª/B*P,5F
6L;J6HY&/�69A£3KFHG�8£FH*R:<*�,

ur

69*RY�6V,J69*0\�:<*P,./�69A¢3KFHG�8XFH*R:<*P,
uθ

6H1�/B*¯,.-R:oºR\�Q0;5:��&=�:T\�:<,�,.-R:�\�:KFHGI:<,.;./23D69A
;5:<A�69,./2FH*R1?�´=@/B,.-

u0 = |u0 |
69*RY

n̂ = r/ |r |
¡�.

u0 ·n̂ = u0 cos θ
�w,RUB¿�¡

(u0)r = u0 cos θ
�w,RU���¡

(u0)θ = −u0 sin θ
�w,RU Í ¡

¸¹/B,.-
r = |r |

,.-R:VWXFHQ0*RYR69;.Z�3KFH*RY&/B,./2FH*R1TW£:K3KFHGI:�.

ur = uθ = 0 (r = R)
�w,RU ,P¡

ur → u0 cos θ (r → ∞)
�w,RU Î ¡

uθ → −u0 sin θ (r → ∞)
�w,RU � ¡

�
	 qDi�evuwa#knx a��*c aQevu=atk ilknm rHatktevuÂk�qnu=e�g���±aQf^c q��wi�evuwa#k"a���e��n` cd`He��na�m a��*xUa��ÂqDevu=atk�y

¸�:V=@/BABA¢ºR*RY[,.-R:4SRQ0/2Y�N�:<A2FP3</B,+Z
u
69*RY[,.-R:V80;5:K151.Q0;5:

p
W�Z[1./BG?Q0AB,J69*R:KFHQR1E1JFHABQ0,./2FH*tF9M_,.-R:L:K�PQ769,./2FH*

F9M_GIFH,./2FH*»������¡�69*RY�,.-R:^:K��Q769,./2FH*tF9M_3KFH*P,./B*�Q0/B,�ZÇ������¡�.

∇p = µ∇2
u

�w,RUÆÂ�¡
∇·u = 0

�w,RU Å�¡
)+*�,.-R:4M�FHABA2F�=@/B*0\ª=�:^=@/BABA¢QR15:V,.-R:V1J69GI:^GI:<,.-RF�Y[F9M�15FHABQ0,./2FH*�6H1V¾±È 69*RYR69Q�69*RY�È¢/¶M�1.-0/B,.©ª¿DÁ�Å�Â�Ã�U��[¸�:
ºR;51.,z:<G�80A2F�Z],.-R:o3<Q0;.A7FH8£:<;J69,5FH;>FH*�W£FH,.-`1./2Y0:K1OF9M«,.-R:o:K�PQ769,./2FH*`F9M£GIFH,./2FH*¢U���1./B*0\��z�nU7�����P¡C=�:@,.-R:<*
\�:<,o,.-R:V:K�PQ769,./2FH*tF9M_GIFH,./2FH*tFH*�6?M�FH;.G®=@-0/23J-tY0F�:K1@*RFH,T/B*PN�FHABN�:V,.-R:^80;5:K1J1.Q0;5:�UO¸¹/B,.-[,.-R:VFH;5Y0:<;TF9M
Y0:<;./BN�69,./2FH*R1T35-769*0\�:KY�.��

∇2
3<Q0;.A

u = 0
�w,RU Á�¡

�PQ0WR15:K�PQR:<*�,.ABZ��7,.-R:V3KFH*�,./B*PQ0/B,�Z�3KFH*RY&/B,./2FH*[/21o,.;J69*R1�M�FH;.GI:KY«Uz¸�:4/B*�,.;5F�Y&QR3K:

u = u
′ + u0

�w,RUB¿���¡
lim

r→∞

u
′ = 0 (

WXFHQ0*RYR69;.Z�3KFH*RY&/B,./2FH*
)

�w,RUB¿�¿�¡
 �:K3D69QR15:

u0 =
��FH*R15,J69*�,4=>:?\�:<,EY&/BN

u
′ = 0

�«69*RY�6H3K3KFH;5Y&/B*0\�,5F!�O�nUC������¡�=>:]3D69*t,.-R:<*¼:��&80;5:K151
u
′W�Z[6!"$#&%('*),+.-/)0'1#32�'5476,8

A
.

u =
3<Q0;.A

A + u0

�w,RUB¿���¡
��F�Y0:<,5:<;.G�/B*R:z,.-R:z80;5FH8X:<;.,./2:K1CF9M0,.-R:ON�:K3<,5FH;

A
�³=>:zG`69��:zQR15:zF9M&,.-R:�-�6,+349'5:;-�+<)=-/#3+>'54*#=?�F9M0,.-R:ON�:K3<,5FH;51��

=@-0/235-É69;5:ª,.;5:D69,5:KY /B*  808X:<*RY&/¶�A@]U� �:K3D69QR1J:
u
/21]6!-�),8B6,+[N�:K3<,5FH;D�>69A215F[,.-R:�0T¦^��F9MC�O�XU��w,RUB¿���¡

GLQR15,^WX:�6ª80Q0;5:<ABZt8£FHA�69;^��Q769*P,./B,�Z�U +RFH;^,.-R:]N�:K3<,5FH;^80;5F�Y&QR3<,VF9Mz,.-R:]8£FHA�69;
∇
69*RY

A
,5F�WX:?8£FHA�69;D�

A
-76H1E,5F¯WX:]69*D6�E,476,8ON�:K3<,5FH;DUL�P/B*R3K:

u
′ = u

′(u0, r)
�n,.-R:?M�Q0*R3<,./2FH*769A�Y0:<8X:<*RY0:<*R3K:

A = A(u0, r)M�FHABA2FD=o1DU. �:K3D69QR15:L,.-R:L:K�PQ769,./2FH*�F9M�GIFH,./2FH*tM�FH;E3<;5:K:<80/B*0\`S7F�=¬/21�AB/B*R:D69;D�
A
-76H1�,5F`Y0:<8£:<*RY[AB/B*R:D69;.ABZ

FH*
u0

Uz�P/B*R3K:T=�:43KFH*R1./2Y0:<;zS7F�=%69;5FHQ0*RY�6?1.80-R:<;./23D69ABABZ`15ZPG�GI:<,.;./23EW£FPY&Z��P,.-R:TN�:K3<,5FH;�80;5F�Y&QR3<,
r×u0

F�GX�h�����2�������h���À}�������~]�����#����|I�h�U�����-² ³v����������� �2����´2µ�¶�·�¸b�h�2~��2�]�h�Q�����2���]�2�����������v��|?�������t�I�2����|I�2��|I�&���h�2������~�������H
|I�����%���Á|I�JILKh ]±£?¨ª©I¦�«  h¦�£?§�¤�¥]¨ª©�I��H��|w}v~������S� �]�h��|I�����h�D�I�2����|I��� |I�NM�LOÁ±¥�¢�£�PKv¤�« ¡�¥^¤�§�¨�¦�« I���³v�2��² QS��~]��|*R����2����S=T3T=U�¸��9���
�������h����~]���n���S|I�]���]�������/Vb�2���2�^�U�I��~����À}v�]�������������9���)|I�]���������v|I����� ���S|I�]��Vb��~]�����2���<WÁ�^��|I�����b�

X�Yn��|I���2�*|I�^��|��2�h�I�
u 6= 0

½��t���^��¼��������9|�|I�h��~���|I�2�Á|I� ���X»^���j�9���I����������� �#���2�����h����|I�]�*¼U�����2���h��|I���I� �]���������2�
���]�2���]�h���*����|I�]�B�<WÁ�]��|I���������l����|I�����b�



Í Å ��������	�
������������������������� �"!#��	���$%
&��' �(�)�*�

/B*�N�FHABN�/B*0\I8£FHA�69;�N�:K3<,5FH;51@/21�,.-R:4FH*0ABZ�6³�&/�69A«3KFHGLW0/B*769,./2FH*�=@-0/23J-�G`6KZ�:<*�,5:<;
A
U_¸ /B,.-

f ′(r)
6 ?(%&6,8B6,+

M�Q0*R3<,./2FH*¢�0=>:^,.-PQR1o-76DN�:
A = f ′(r) n̂×u0

�w,RUB¿ Í ¡
¦EFD=>:<N�:<;D��1./B*R3K:

f ′(r)
-76H1 *RF�N�69;./�69,./2FH*	/B*?,.-R:�69*0\�Q0A�69;�Y&/B;5:K3<,./2FH*¢��=>:�G`6KZL/B*�,.;5F�Y&QR3K:o69*RFH,.-R:<;C153D69A�69;

M�Q0*R3<,./2FH*
f(r)

=@-0/23J-[-76H1
f ′(r)

6H1@/B,51�ºR;51.,oY0:<;./BN�69,./BN�:�.
f ′(r) n̂ = ∇f(r)

�w,RUB¿�,P¡
��-�QR1T=>:V3D69*�=@;./B,5:

u =
3<Q0;.A

(∇f×u0) + u0

�w,RUB¿ Î ¡
�P/B*R3K:

u0 =
3KFH*R1.,J69*�,��&=�:4ºR*RY

(∇f×u0)i = εijk∂jfu0k

= εijk∂j(fu0)k

= (
3<Q0;.A

(fu0))i
�w,RUB¿ � ¡

69*RY�,.-PQR1T:��&80AB/23</B,.ABZ
u =

3<Q0;.A�3<Q0;.A
(fu0) + u0

�w,RUB¿�Â�¡
�O�XUX�w,RUB¿ Î ¡ � �w,RUB¿�Â�¡O/21�:K1515:<*P,./�69ABABZ¯6L,.;J69*R1�M�FH;.G`69,5:KY`M�FH;.GwF9M¢,.-R:�3KFH*P,./B*�Q0/B,�Z�3KFH*RY&/B,./2FH*¢�&=@/B,.-¯8769;./B,�Z
3KFH*R1./2Y0:<;J69,./2FH*R1�6HY0Y0:KY«U  ABAP,.-769, ;5:<G`69/B*R1 *RFD=Ç/21 ,5FT15FHABN�:>,.-0/21 :K�PQ769,./2FH*	,5FH\�:<,.-R:<; =@/B,.-	,.-R:z:K�PQ769,./2FH*
F9M_GIFH,./2FH*»�w,RU Á�¡��769*RY�,.-PQR1TFHW0,J69/B*

f(r)
U

� xU` a���e��n` cd`He��na�m a���xUa��ÂqDevuwa#k �±aQf¾xvuÂc����wu��BrHi�evuwa#k[y
)+*R15:<;.,./B*0\¯�w,RUB¿ Î ¡�/B*�,5Fª�w,RU Á�¡z69*RYIQR1./B*0\ �O��1DU7�����P¡�69*RYt�����P¡���6H1z=>:<ABA£6H1OQR1./B*0\?,.-769,

u0

/21�6^3KFH*R1.,J69*P,D�
/21@,.-R:4ºR;515,o1.,5:<8).

∇2
3<Q0;.A³3<Q0;.A

(∇f×u0) = ∇2 (
\�;J6HYoY&/BN

−∇2) (∇f×u0)

= −(∇2)2 (∇f×u0)

= −((∇2)2
\�;J6HY

f)×u0

= 0
�w,RUB¿DÅ�¡

��-R:OA�6H15,�:K��Q769AP1./B\�*V/B*V,.-0/21 :K��Q769,./2FH*	:<GLW£FPY&/2:K1�,.-R:O/B*�,5:<;51J:K3<,./2FH*	F9M&/B*&M�FH;.G`69,./2FH*?M�;5FHG%,.-R:O:K�PQ769,./2FH*R1
F9M@GIFH,./2FH*Ç69*RY�3KFH*P,./B*�Q0/B,+Z»69*RY�,.-R:�8769;./B,+Z�3KFH*RY&/B,./2FH*R1DU��P/B*R3K:I\�;J6HY

f ∝ n̂
� 6�N�:K3<,5FH;?=@-0/235-»G`6KZ

8£FH/B*�,o/B*t69*�69;.W0/B,.;J69;.Z�Y&/B;5:K3<,./2FH*¢�7,.-0/21@GI:D69*R1o,.-769,
(∇2)2

\�;J6HY
f = 0

�w,RUB¿DÁ�¡
°>-769*0\�/B*0\`,.-R:^FH;5Y0:<;EF9MCY0:<;./BN�69,./2FH*R1E69*RY�,.-R:<*�/B*�,5:<\�;J69,./B*0\�FH*R3K:^=>:^\�:<,

(∇2)2 f(r) =
3KFH*R15,J69*�, �w,RU��0��¡

¦EFD=>:<N�:<;D�O,.-R:ª3KFH*R1.,J69*P,]GLQR1.,]:K��Q769A>©D:<;5F�6H3K3KFH;5Y&/B*0\¼,5F �O�XU��w,RUB¿�¿�¡ª�´,.-R:`W£FHQ0*RYR69;.Z 3KFH*RY&/B,./2FH*É69,
r → ∞

¡��_1./B*R3K:
u
′
:K1J15:<*�,./�69ABABZ�/21]6[15:K3KFH*RY»Y0:<;./BNH69,./BN�:¯F9M

f
U ��1./B*0\t,.-R:`:��&80;5:K151./2FH*�������¡4M�FH;L,.-R:

È�6980A�6H3K:?FH8X:<;J69,5FH;�698080AB/2:KY[,5F`6]153D69A�69;D�0=�:^\�:<,

(∇2)2 f =
1

r2

d

dr
(r2

d

dr
)∇2f = 0

r2
d

dr
∇2f = −2a

∇2f =
2a

r
+ A

�w,RU��&¿�¡



����S� ����
�
�������� �B�&� � �t� ��	j� � ����
��*
 Í Á
=@-R:<;5:

a
69*RY

A
69;5:t3KFH*R15,J69*�,51�F9M^/B*�,5:<\�;J69,./2FH*¢U ��1./B*0\ÇFH*R3K:�GIFH;5:�,.-R:�W£FHQ0*RYR69;.ZÉ3KFH*RY&/B,./2FH*%69,

r → ∞
�&=>:^;5:D69AB/B©D:V,.-769,

A = 0
U�+0Q0;.,.-R:<;o/B*P,5:<\�;J69,./2FH*R1T\�/BN�:��

1

r2

d

dr
(r2

df

dr
) =

2a

r

r2
df

dr
= ar2 − b

f(r) = ar +
b

r
+ c

�w,RU��0��¡

b
69*RY

c
69;5:¼3KFH*R1.,J69*�,51[F9M	/B*�,5:<\�;J69,./2FH*¢½

c
=@/BABA4*RFH,[3KFH*R3K:<;.*�QR1�1./B*R3K:

u
′
FH*0ABZ Y0:<8£:<*RY01�FH*²,.-R:

Y0:<;./BN�69,./BN�:K1@F9M
f(r)

��15FV=�:�=@/BABA£1.��/B8`/B,�/B*ª=@-769,�M�FHABA2FD=o1DU���-PQR1D�06³M´,5:<;@69ABAX,.-R:TN�:K3<,5FH;�G`69*0/B80Q0A�69,./2FH*R1
=>:[69;5:�A2:�M�,�=@/B,.-¨6�1./BG�80A2:�;5:K1.Q0AB,D�>=@-0/235-·G`6DZÇ*RF�=lWX:¯/B*R15:<;.,5:KYÉ/B*�,5F �O�XUo�w,RUB¿�Â�¡?,5F�FHW0,J69/B*·,.-R:
N�:<A2F�3</B,�Z�N�:K3<,5FH;DU
� uÂkDi ��xUa �Âq)evuwa#knx�y
)+*R15:<;.,./2FH*LF9M/�O�nU��w,RU��0��¡£/B*�,5F?�w,RUB¿�Â�¡«:<*�,J69/BA21¢,.-R:�M�FHABA2F�=@/B*0\�3D69A23<Q0A�69,./2FH*L/B*	6�3D69;.,5:K1./�69*V*RFH,J69,./2FH*¢�9=@-R:<;5:
=>:?698080ABZ¯,.-R:4QR1J:�M´Q0A¢;5:K15Q0AB,L�����P¡>M�;5FHG  808X:<*RY&/¶��¦?�R6H1o=>:<ABAC6H1o,.-R:^3KFH*�,.;J6H3<,./2FH*�;5:<A�69,./2FH*Ç�����P¡�.

(
3<Q0;.A�3<Q0;.A

(u0r
N))i = εijk∂jεklm∂l(u0mrN ) (N ∈ {−1, 1}

-R:<;
)

= (δilδjm − δimδjl)u0m∂j∂lr
N

= u0m∂m∂ir
N − u0i∂j∂jr

N

= N {u0ir
N−2 + (N − 2)rN−4xixmu0m

−u0i3r
N−2 − (N − 2)rN−4u0ixmxm}

=
N

r2−N
{u0i + (N − 2)n̂i(u0 ·n̂) − 3u0i − (N − 2)u0i}

�O�PQ0/BNH69A2:<*P,.ABZt.
3<Q0;.A³3<Q0;.A

(u0r
N ) =

N

r2−N
{−Nu0 + (N − 2)n̂(u0 ·n̂)}

�w,RU�� Í ¡
��-0/21@;5:K1.Q0AB,�:���80;5:K151J:K1@,.-R:4N�:<A2FP3</B,+Z�W�Z�,.-R:^,�=�F�/B*�,5:<\�;J69,./2FH*¼3KFH*R1.,J69*P,51

a
69*RY

b
.

u = u0 − a
u0 + n̂(u0 ·n̂)

r
+ b

−u0 + 3n̂(u0 ·n̂)

r3

�w,RU��],P¡
��-R:�/B*�,5:<\�;J69,./2FH*²3KFH*R1.,J69*P,51`69;5:[:<N�:<*�,.Q769ABABZ·Y0:<,5:<;.G�/B*R:KYÉM´;5FHG ,.-R:�W£FHQ0*RYR69;.Z·3KFH*RY&/B,./2FH*¤�w,RUB¿�¡�69,
,.-R:]1.80-R:<;5:	1.Q0;�M�6H3K:��

r = R
¡�U
 �:K3D69QR15:

n̂
-76H1^69*�69;.W0/B,.;J69;.Z�Y&/B;5:K3<,./2FH*¢�£,.-R:]3KFP:��`3</2:<*P,51^F9M

u0

69*RY
n̂(u0 ·n̂)

G?QR1.,oW£FH,.-�:K��Q769A«©D:<;5FS.

1 −
a

R
−

b

R3
= 0

−
a

R
+

3b

R3
= 0

¸¹-0/235-[\�/BN�:K1

a =
3

4
R

�w,RU�� Î ¡

b =
1

4
R3

�w,RU�� � ¡
��� ���?���X���I¿-�2���
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��-R:4S7F�=%N�:<A2FP3</B,+Z[6H1T6?M´Q0*R3<,./2FH*�F9M
r
-76H1o,.-�QR1oW£:K:<*�M�FHQ0*RY«U

�PQ0WR15:K�PQR:<*�,.ABZ	=>:�\�:<,_,.-R:�80;5:K1515Q0;5:>WPZL/B*R15:<;.,./B*0\��z�nU0�w,RUB¿ Î ¡ /B*�,5FI�w,RUÆÂ�¡���/B*�,5:<;535-769*0\�/B*0\	,.-R:�FH;5Y0:<;
F9M�Y0:<;./BNH69,./2FH*R1D�n69*RY�QR1./B*0\ �O�XU������P¡�.

\�;J6HY
p = µ

3<Q0;.A
(∇(∇2f)×u0)

= µ εijkêi∂jεkmn∂m(∇2f)u0n

= µ (δimδjn − δinδjm) ∂j∂m(∇2f)u0nêi

=
\�;J6HY

{µu0 ·
\�;J6HY

(∇2f)} − µu0 (∇2)2 f
�w,RU���Â�¡

+0;5FHG�,.-R:L3KFH*R1./2Y0:<;J69,./2FH*R14/B*�3KFH*0*R:K3<,./2FH*t=@/B,.- �O�XU �w,RU��0��¡o=>:?�P*RF�=¬,.-769,E,.-R:L15:K3KFH*RYt,5:<;.G"FH*t,.-R:
0T¦^�ª/21@©D:<;5F0UO)+,�M�FHABA2F�=o1o,.-769,o=�:^G`6KZ�=@;./B,5:

p = p0 + µu0 ·
\�;J6HY

(∇2f)

= p0 + µu0 ·
\�;J6HY 2a

r

= p0 + 2aµu0i
−xi

r3

= p0 − 2aµ
u0 ·n̂

r2

�w,RU���Å�¡
=@-R:<;5:

p0

/21T6I3KFH*R1.,J69*�,DUO� F`FHW0,J69/B*[,.-0/21T:���80;5:K1515/2FH*[=>:4ºR;515,@QR15:KY �O�XU��w,RU��&¿�¡@69*RY�,.-R:<*»�����P¡�U
�E1./B*0\ �z�P1DUC�w,RU��],P¡����w,RU�� Î ¡��C�w,RU�� � ¡�69*RYÇ�w,RU���Å�¡�69*RYt,.-R:V\�:KFHGI:<,.;./23D69A_;5:<A�69,./2FH*R1��w,RUB¿�¡��_�w,RU���¡T69*RY

�w,RU Í ¡��0=�:^G`6KZ�:��&80;5:K151@,.-R:4ºR*769A�1J:<,oF9M_15FHABQ0,./2FH*R1@M�FH;@N�:<A2F�3</B,�Z[69*RY�80;5:K1515Q0;5:L6H1U.��

ur = u0 cos θ {1 −
2a

r
+

2b

r3
}

= u0 cos θ {1 −
3

2

R

r
+

1

2
(
R

r
)3}

�w,RU���Á�¡

uθ = −u0 sin θ {1 −
a

r
−

b

r3
}

= −u0 sin θ {1 −
3

4

R

r
−

1

4
(
R

r
)3}

�w,RU Í ��¡

p = p0 − 2aµu0

cos θ

r2

= p0 −
3

2

µu0R

r2
cos θ

�w,RU Í ¿�¡
:�;=<�;=< ����P"Y[MHV��pK2A)MbR�P�� @nF�A�	DPQ\�
 \ C?V�
)+*�6?3D69A23<Q0A�69,./2FH*[F9M�,.-R:E;5:K1.Q0AB,J69*�,�M�FH;53K:^6H3<,./B*0\]FH*¯,.-R:41.80-R:<;5:�GIFDN�/B*0\�,.-0;5FHQ0\�-¯,.-R:�SRQ0/2Y«��=>:EG?QR1.,
3KFH*R1./2Y0:<;

•
,.-R:^,.-R:<;.GIF�Y&Z�*769G�/23D69A�80;5:K151.Q0;5:

p

•
,.-R:^N�/2153KFHQR1o15-R:D69;o1.,.;5:K151

τθr

•
,.-R:^N�/2153KFHQR1@*RFH;.G`69A 1.,.;5:K151

τrr

���=� ² Gb�I�À|�|I��� ´�µ�����¸S�À|��X���D���Á|��I�U�v�]�2�����)�À|I�]���v|n���h���I��¼���|I����� �
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 ,R¿
69,�,.-R:^1.Q0;�M�6H3K:EF9MC,.-R:^1.80-R:<;5:�U_¸�:4GLQR15,o1.Q0GlFDN�:<;@,.-R:^1.,.;5:K151@3KFHG�8£FH*R:<*�,51�69,T69ABA£15Q0;�M�6H3K:^:<A2:<GI:<*P,51
69*RY�/B*P,5:<\�;J69,5:LFDN�:<;T,.-R:V1.Q0;�M�6H3K:�UO��-R:4,5FH,J69A«M�FH;53K:

F
FH*[,.-R:^1.80-R:<;5:^/B*�,.-R:

u0

Y&/B;5:K3<,./2FH*[/21

F =

∮

S
(−p cos θ + τrr cos θ − τθr sin θ) dS

�w,RU Í ��¡
��-R:V:��&80;5:K151./2FH*R1L������¡�69*RY �����P¡>M�FH;@,.-R:V1.,.;5:K151J:K1o3D69*[W£:4/B*R15:<;.,5:KY�-R:<;5:�UO¸�:VG�/B\�-�,�69A215F`3KFH*R1.,.;.QR3<,
,.-R:K15:]:��&80;5:K151./2FH*R1^69,

r = R
W�Z�3KFH*R1./2Y0:<;./B*0\�A2FP3D69Az°�69;.,5:K1./�69*�3KF�FH;5Y&/B*769,5:�1.Z�15,5:<GI1�/B*¼:<N�:<;.Z�8£FH/B*�,

FH*Ç,.-R:ª1.Q0;�M�6H3K:��_=@/B,.-�FH*R:¯6³�&/21L8£FH/B*�,./B*0\¼;J6HY&/�69ABABZ£½O,.-R:<*
τrr

/21?FHW0,J69/B*R:KY»M�;5FHG �z�nU�������¡L69*RY
τθrM�;5FHG ,.-R:]W76H1./23�:���80;5:K1J1./2FH*¼QR15:KY¼/B*�:<A2:<GI:<*�,J69;.Z�3KFHQ0;515:K1^/B*�,.-R:�Y0:�ºR*0/B,./2FH*»F9M>N�/2153KF�1./B,�Z�U  *�Z�=�6DZ��

M�FH;
r = R

6]1./BG�80A2:V;5:K1.Q0AB,o:<GI:<;.\�:K1U.

τrr = 2µ
∂ur

∂r
|r=R = 0

�w,RU Í�Í ¡

τθr = µ
∂uθ

∂r
|r=R

= −µu0 sin θ {
a

R2
+ 3

b

R4
} = −

3

2

µu0

R
sin θ

�w,RU Í ,P¡

−p cos θ − τθr sin θ = −p0 cos θ +
3

2

µu0

R
cos2 θ +

3

2

µu0

R
sin2 θ

= −p0 cos θ +
3

2

µu0

R

�w,RU Í�Î ¡
��-0/21¯GI:D69*R1¯,.-769,�698769;.,ªM´;5FHG ,.-R:�3KFH*R1.,J69*�,

p0

,5:<;.G =@-RF�15:�3KFH*�,.;./BW0Q0,./2FH*�/B*P,5:<\�;J69,5:KY�FDN�:<;¯,.-R:
1.80-R:<;5:V15Q0;�M�6H3K:4=@/BABA�3D69*R3K:<A��n69ABA¢8XFH/B*P,51TFH*�,.-R:V15Q0;�M�6H3K:^3KFH*P,.;./BW0Q0,5:?:K�PQ769ABABZª,5F],.-R:LY&;J69\�M�FH;53K:�.

F =
3

2

µu0

R

∮

S
dS

=
3

2

µu0

R
4πR2

�w,RU Í�� ¡
� ;U.

F = 6πµR u0

�w,RU Í Â�¡
��-0/21O:��&8X:<;51J1./2FH*]/21_�P*RF�=@*ª6H1���'*)��,#3?�� ? 8B6��VUC¸¹/B,.-`6�Y&;J69\V3KF�:��`3</2:<*�,

CD
/B*P,.;5FPY&QR3K:KYI/B*`641.,J69*RYR69;5Y
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�w,RU Í Á�¡
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