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PARAMETRIC REPRESENTATION OF UNIVALENT FUNCTIONS

V. Ja. GUTLJANSKII-

et S be the class of all functions w = f(2) which are holomorphic and univalent in the circle
{z: |z} < 1} and normalized by the conditions f(0) =0, f'0) =1.

‘In this paper we shall solve the problem of parametrically representing S by estabhshmg neces-
and sufficient conditions that a function w = f(z) belongs to S. In addition we indicate an appli-
on of our results to the. solution of extremal problems in the class S and the class P of all func-
s-w=h(z), £(0) = 1, which are holomorphic in the circle £ and have positive real part.

1. Let I be the class of all nondecreasing functions p(x, ¥) of two variables in the region

0, -7 <y < 7 which are normalized by the conditions plx, -m) =p(0, y) =0, plx, m = x.

It follows directly from the definition of the class T thae for each fixed y, -7 <y <w, the func-
(%, y) is absolutely continuous in x and, coﬁsequently, the derivative y' (%, y) exists for al-
tall %, x>0, (%, y) is a measurable function of x for fixed y, a nondecreasmg function of ¥,
<y'<w for each fixed x, x> 0, and i is normalized by the conditions " (%, -7 =0, B, ‘(x, m) = 1.
We shall say that the sequence un(x, y) (n=1, 2, 3,--) of functions belonging to I converges
he function p(x, y) € It if at each point of continuity of p(x, y), lim e, = H.

: The class I is dense in 1tself with respect to the above definition of the convergence of se-
nces in M.

By ® we shall denote the set of all functions f(z, %, ¥) which are continuous in the region

[0, =) x [~m, 7], analytic with respect to z in the circle E . and satisfy the condition 1f(z, x, ¥)| <
(r), where K(r) is a constant which depends only on r = |z} < 1.

Let f(z, %, ¥) be any function in ® and let p1_ be any sequence of functions in T convergmg to
he function p(x, y) € M. Then:

1) the limit

hmg —S f(z x, Y )dl"'n (x, y) S._S"f(z»x, y)du(x, y)

sts uniformly with respect to ‘x, 0<x<4 and z € Er=-{z: lz} <r< 1}

"2) the Stieltjes integral

[o o B 1
{ $16 2 pap@e y. vem
0 -n .
fiverges uniformly within E and equicontinud_usly with respect to the class .
From this it follows immediately that the limit
Ny :

cC T T

lim g S f(z, z, ¥)du, (2, ¥) = S S iz, z, y)dp(z, y)

o
n—oo§ 7 n

=1

exists uniformly within E.
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2. Consider the differential equation

W= —w S ¢ w, y)dps(z. Y) 6)
—=
where g(w, y) = (1 + e"w)/(1 - e!Yw) with the initial condition w(x)]x=o =z, z € E. Here the func-
tion p(x, y) €M and the integral in (1) is a Stieltjes integral.
We shall denote the solution of the differential equation in (1) which satisfies the initialv condi-
tion by f(z, %; p). :
Theorem 1. For the fz;nction w = f(z) to beloné to the class S it is necessary and sufficient that

it can be represented in the form

~ f(2)=lim €%} (3, z; p), peMm, ‘ ' 2)

We indicate the course of the proof of Theorem 1. Let p(x, y) be an arbitrag); function from the
class M. We replace the differential equation in (1) and the initial condition by the integral equation -
x - ’ .

w=zexp|—{ { g nan(a v | 3

0 —n

which is obtained by dividing through (1) by w and integrating with respect to x from 0 to x. By
solving (3) by the method of successive approximations (see, e.g., [1], Russian pp. 96~97), we find
that the solution f(z, x; u) is regular in the circle E and continuous in the interval 0 < x <o and,
in addition, f(0, %; p) = 0, f;(O, xp)=¢e *.

It follows from the easily proven uniqueness of the solution of equation (1) that the function
f(z, x; 1) is univalent in E for each value of % in the interval [0, ). It remains to establish the
existence of the uniform limit with respect to z in E in (2). To this end we place f(z, x; u) in (1)

and rewrite it in the form .
[€°f (2, & W=¢F (z, 23 W) (1 — g (F (2, 25 WY, (4

noting that the function which appears on the right-hand side of equation (4) belongs to the class o.* |

By integrating (4) with respect to % from 0 to % and taking the limit as x tends to infinity we

find that the function f(z) given by (2) belongs to the class S. .

Now let f(z) be any function from the class S. We shall'show that it can be obtained according

to the prescription in (2) with a suitable choice for the function plx, y) from the class . To show
this let us denote by »§D2’ the subclass of I consisting of those functions (%, y) such that

S g (w, ¥)dpx(z, y) = g (w, ¥ (2)).

By Léwner’s theorem [2] (see also [1], Russian p. 95) the collection of functions f(z) obtained
by means of (2) when p(x, y) runs over the class I, forms a subclass S’ of S which is everywhere
dense in 'S with respect to uniform convergence within the circle E. )

We select a sequence fn(z) of functions from the class S' which converges uniformly with respec'
to E to a function f(z). The sequence fn(z) corresponds to a sequence pn(x, y) of functions from the
class I’ such that f (z) = lim € f(z, x; I,Ln)-

-

* This follows from the estimate |f(z,z; w)| << |zl |f(z, 25 )| << e=*|z[ /(1 — |z])2
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© . From p_ (x, y) we can select a subsequence which converges in the sense described above to
some function p*(x, y) of the class . By using now the assertions of §1, it is not difficult
to show that the function f(z) itself can be obtained according to (2) with g = p*,

It follows from the Riesz-Herglotz theorem {3] that the function

k]

hw, 2)= \ g, y)dpi(z, y), pem, (5)

w7t

is, for each fixed x, 0 < x < =, regular with respect to w in the circle’ |w| <1 and has a positive real
art there. Consequently, from the well-known differential equation of Lowner-Kufarev [4] and from
lation (2) we can obtain all the functions of the class S.

3. From the idenﬁty

here h(w, x) is calculated from equatxon (5), by makmg use of (2) we immediately obtain the expres-
ions for functions in S

¢

PT ‘
—_ { A—F(wp) dp :
f‘-z>"“’-‘P{§ Tors &), ™
1z] , .
4 - ! i—F (7”1 p)—wEw(w, P) _‘_iﬂ
f .(z) = exp{ § ReF o) > }, (8)

hich will be necessary for our further considerations.
Here F(w, p) = h(f(z, x(p); w), x(p)), p = |f(z, x; u)|.*.

Theorem 2. Let z, be a fixed point in the circle E and a, B, y, 8 be arbitrary real numbers.
hen for the functional

1(0=cn| 22|+ parg Lt yln| ' (a0)| + Savg £ (20) ©)

efined over the class S we have the precise estimate
| 2o} : . 2
.4 o d
(e mE<rpn< Scp(&hn)—p& (10)

0

here (¢ %, n%) is the point on the curve £2 ~ 2a(p)§ 0% +1=0, a=(1+ PO = pA71 at which
e function

<P(’é, )—a——a—v+(a+v)/~§—v§-n(6+(l3+6)/E) (11)

ttains its maximum (anLmum) value.

« The equality sign in (10) is realized, for example, for functions of the class S having the form
z2)=lim__  e*f(z, x), where w = f(z, x) is a solution to the differential equation w!, = ~wg(w, y (x)),
{0) = z, where

y* (z) = arc sinnE[g* (a® — 1yh]L -+ Sn*dx. — arg z,,

- 0
id p = p(x) is defined by the relation (lnp); = &%, p(0) = ENN

" * From (6) it follows that p(x) is a monotonically decreasing function, since (ln p);7 ==-Reh<0.
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It follows from formulas (7) and (8) that the problem of estimating a functional / (f } of the form'
over the class S is equivalent to finding the extrema of the real functional T (=W (R(2), z"(2))/Re
z2=pe'® €F and is fixed, where ¥(w, w) =(a + y) (1~ Rew) - (B + &) Imw - yRew - 8Imw, o
class P (see in this regard the papers [5:6]), and the subsequent integration of the results over P
from 0 to |z,|. A similar relation between extremal problems for the classes S and P also holds fo
other problems in the theory of functions of a complex variable,
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