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Studying Adaptation and Homeostatic Behaviors
of Kinetic Networks by Using MATLAB

Tormod Drengstig, Thomas Kjosmoen, and Peter Ruoff

Abstract

Organisms have the ability to counteract environmental perturbations and keep certain components
within a cell homeostatically regulated. Closely related to homeostasis is the behavior of perfect adaptation
where an organism responds to a step-wise perturbation by regulating some of its components, after a
transient period, to their original pre-perturbation values. A particular interesting type of model relates to
the so-called robust behavior where the homeostatic or perfect adaptation property is independent of
the magnitude of the applied step-wise perturbation. It has been shown that this type of behavior is related
to the control-theoretic concept of integral feedback (or integral control). Using downloadable MATLAB
examples, we demonstrate how robust perfect adaptation sites can be identified in reaction kinetic
networks by linearizing the system, applying the Laplace transform and inspecting the transfer function.
We also show how the homeostatic set point in perfect adaptation is related to the presence of zero-order
fluxes.
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1. Introduction

The capability of yeast and other organisms (and part of organ-
sims) to adapt to environmental changes in nutrition (1–9), light
(10–12), temperature (13, 14), or other stressors appear essential
for an organism’s fitness and survival. There are various adaptation
modes (15, 16), which range from no adaptation at all, to partial
adaptation, perfect adaptation, and overadaptation (Fig. 1).

There is a considerable interest in perfect adaptation which
describes the response during a step-wise perturbation by main-
taining some of the variables (concentration/fluxes) to their
original pre-perturbation values. Perfect adaptation has been
found, for example in bacterial (2–8) and eukaryotic (9) chemo-
taxis, osmoregulation in yeast (17), photoreceptor responses
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(10, 11), MAP-kinase regulations (18–20), as well as temperature
homeostasis in circadian and ultradian rhythms (generally referred
to as temperature compensation).

There are two ways in which to consider how perfect adapta-
tion may be understood. In the first case, perfect adaptation is the
result of a fine-tuning or balancing between rate parameters. This
mode of adaptation is considered to be non-robust (21) because
any change in a rate parameter will disrupt the balance and the
adaptation behavior. In the second approach, perfect adaptation is
the result of a network property, which does not need a fine-
tuning in most of the parameters. Yi et al. (22) showed that this
second form of adaptation can be described in terms of an integral
feedback (also called integral control); a concept used in control
theory (23).

Figure 2 illustrates the principles of integral feedback regula-
tion. The error e between a reference signal (set point) and the
output (CV, controlled variable) is integrated, processed together
with a perturbation and then fed back again to calculate the error
again. In this way a closed loop is generated, where the output
value of the system converges to the set point and error
e approaches zero. While the integral feedback principle is quite
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Fig. 1. Different adaptation behaviors of a system with respect to an applied step perturbation. Redrawn with permission
from ref. (24).
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Fig. 2. Scheme of integral feedback/control of a perturbed system where the
system output perfectly adapts to the setpoint. MV and CV are the manipulated
and controlled variables, respectively. e denotes the error between the set point and
controlled variable. Gray symbols represent the notation by Yi et al. (22). Redrawn with
permission from ref. (25).
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general, it is not obvious how to identify potential (robust) perfect
adaptation sites in kinetic networks and how set points can be
interpreted in terms of a molecular mechanism.

In the following section we will illustrate, by using MATLAB,
how robust perfect adaptation sites can be identified (24) and how
zero-order fluxes can become important in defining set points of
homeostatic controllers (25).

2. Predicting
Robust Perfect
Adaptation Sites
in Reaction Kinetic
Networks

The procedure for identifying robust perfect adaptation sites con-
sists of the following steps, which are described in detail in the
next section, together with the MATLAB commands.

1. Define a state space model of the reaction kinetic network in
question. This is a set of coupled first-order differential equa-
tions. The input variables on which step-wise perturbations
are performed are generally the rate constants kn, where n is an
index for the reaction associated with kn. The output variables
are either the concentrations of the molecular components or
reaction velocities (fluxes) or a combination of them (see
below).

2. Perform a linearization of the network model (if possible). In
some cases, it is difficult or impossible to find analytically a
linearized model.

3. Laplace-transform the linearized network. In kinetics we
generally think of a (perturbed) rate constant kn or a con-
centration Im of species m to be a function of time t, such as
kn(t) or Im(t). The Laplace transform F(s) of function f(t) is
defined as

F ðsÞ ¼ Lff ðtÞg ¼
Z 1

0

e�st f ðtÞ dx; (1)

and becomes a function of the complex-valued s- or frequency
space. The advantage of working in s-space is that the differ-
ential equations are transformed into algebraic equations,
which are often easier to analyze and handle.

4. Calculate the transfer functions Hyp ;knðsÞ ¼ DypðsÞ=DknðsÞ
between a small change in the Laplace transformed input
elements Dkn(s) (i.e., rate constants) and the corresponding
small change in the Laplace transformed output elements
Dyp(s) (e.g., concentration or fluxes). Note that we use the
same symbol for both time- and Laplace-domain signals. The
transfer function elements Hyp ;knðsÞ are part of the transfer
function matrixH(s) from the vector of input elements to the
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vector of output elements. In general, the elements of the
transfer function matrix are written as:

Hyp ;knðsÞ ¼
DypðsÞ
DknðsÞ ¼

K � Qn
r¼1

� 1
zr
s þ 1

� �
Qm
q¼1

� 1
pq
s þ 1

� � ¼ nðsÞ
dðsÞ ; (2)

where zr are defined as the transfer function’s zeros, pq are the
poles, and K is the gain.

As indicated by Eq. (2),Hyp ;knðsÞ is described as the ratio between
two polynomials, the numerator-polynomial n(s) and the denom-
inator-polynomial d(s). The solution to n(s) ¼ 0 (i.e., the position
of the zeros zr in the complex plane) indicates the type of adapta-
tion behavior. Figure 3 shows the different n(s) polynomials that
relate to the four adaptation types shown in Fig. 1. When, for a
givenHyp;knðsÞ, n(s) has a zero in origo of the s-plane regardless of
the values of any of the rate constants, the output shows robust
perfect adaptation with respect to a stepwise increase of the rate
constant considered as input. For a more detailed discussion about
the influence of the transfer function’s poles on adaptation kinet-
ics we refer to ref. (24).

2.1. Detailed Outline

of the Principles

Consider a reaction kinetic network with M chemical components
(Im) andN reaction steps, where each step n is associated with a rate
constant kn. The network can be stimulated by changing one of the
rate constants (kn) by means of a step function. Such a stimulation
may occur due to a signal coming from a receptor acting specifically
on kn. In this respect, the rate constants are considered to be

1: no adaptation 2: partial adaptation 3: perfect adaptation 4: overadaptation

−1

−0.5

0

0.5

1
im

ag
in

ar
y 

pa
rt

−1 −0.5 0 0.5 1
 

real part

  

−1 −0.5 0 0.5 1 −1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

−1

−0.5

0

0.5

1

−1

−0.5

0

0.5

1

−1 −0.5 0 0.5 1

Fig. 3. The different adaptation behaviors in Fig. 1 are described by the solution of n (s) ¼ 0. (1) When n (s) is a constant, no
adaptation exist; (2) partial adaptation is observed when the solution of n (s) ¼ 0 lies in the left half of the complex s-plane;
(3) the system shows perfect adaptation when the solution of n (s) ¼ 0 lies in the origo; (4) overadaptation is observed when
the solution of n (s) ¼ 0 lies in the right half of the complex s-plane. The four transfer functions are described by
HiðsÞ ¼ niðsÞ=dðsÞ; i ¼ 1; . . . ; 4 with the denominator dðsÞ ¼ ð0:2sþ 1Þð0:35sþ 1Þð0:45sþ 1Þ and numerators:
n1ðsÞ ¼ 1:5; n2ðsÞ ¼ ðsþ 1Þ; n3ðsÞ ¼ s, n4ðsÞ ¼ s� 1. Redrawn with permission from ref. (24).
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time-dependent. The kinetics of the network are described by the
rate equations for each chemical component Im:

dImðtÞ
dt

¼ f m k1ðtÞ; . . . ; kN ðtÞ; I 1ðtÞ; . . . ; IM ðtÞð Þ: (3)

From this model we define P outputs, described as yp (the
model output), which are the different properties of the network
we want to investigate. For instance, these outputs can be con-
centrations Im(t), fluxes Jn(t), or other network properties, which
depend on concentrations and/or rate constants. Hence, the P
nonlinear output models are given by:

ypðtÞ ¼ gp k1ðtÞ; . . . ; kN ðtÞ; I 1ðtÞ; . . . ; IM ðtÞð Þ: (4)

In order to find the transfer function matrix H(s) from the
input (changes in rate constants) to the output candidates yp,
Eqs. (3) and (4) are first linearized around the (unperturbed)
steady-state (ss) values Iss ¼ [I1, . . ., IM], yss ¼ [y1, . . ., yP], and
the pre-perturbation values of the rate constants kss ¼ [k1, . . ., kN]
(note the independence of time t of the vector elements to indicate
steady-state values), giving the following linear state-space model:

D _IðtÞ ¼ A � DIðtÞ þ B � DkðtÞ; (5)

DyðtÞ ¼ C � DIðtÞ þD � DkðtÞ; (6)

where, Dk(t) ¼ [Dk1(t), . . ., DkN(t)]
T, DI(t) ¼ [DI1(t), . . .,

DIM(t)]
T and Dy(t) ¼ [Dy1(t), . . ., DyP(t)]

T are vectors of
small deviations around kss, Iss, and yss, respectively. The M �M
statematrixA, theM�M input matrix B, the P �Moutput matrix
C, and the P �N feed-through matrix D are defined as

Aij ¼ @f i

@I j
jss ; (7)

Bij ¼ @f i

@kj
jss ; (8)

Cij ¼ @gi

@I j
jss ; (9)

Dij ¼ @gi

@kj
jss : (10)

Laplace-transforming the linearized model in Eqs. (5) and
(6), gives the (P �N) transfer function matrix H(s) as (23):

HðsÞ ¼ CðsI �AÞ�1B þD; (11)

where I is the M�M identity matrix. H(s) describes the
relationship between a small change in all possible inputs, i.e.,
the array of Laplace-transformed rate constants Dk(s) ¼ [Dk1(s),
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. . ., DkN(s)]
T and the resulting changes in all possible outputs,

i.e., Dy(s) ¼ [Dy1(s), . . ., DyP(s)]
T.

2.2. Calculating

Control Coefficients

In metabolic control analysis (26–29) sensitivities are generally
calculated as dimension-independent control or sensitivity
coefficients:

C
yp
kn
¼ @ log yp

@ log kn
: (12)

These sensitivity coefficients can also be calculated in s -
(frequency) domain. The relationship between the frequency-
dependent transfer function matrix and the frequency-dependent
control coefficient matrix is found to be (30)

Cy
kðsÞ ¼HðsÞ � kss

yss
; (13)

where the steady-state control coefficient matrix becomes

Cy
k ¼Hð0Þ � kss

yss
(14)

by using element-wise multiplication, or the so-called Hadamard
matrix multiplication “�” (31). An alternative approach to relate
control/sensitivity coefficients to their s-dependent counterpart
was described by Ingalls (32).

2.3. Illustrating

the Principles

We will use motif M1 shown in Eq. (15). below to illustrate the
MATLAB commands used to calculate the transfer functions and
control coefficients.

�!k1 I1
�!k2 �
k�2

I2�!k3 (15)

The rate equations as in Eq. (3) become

dI 1ðtÞ
dt

¼ _I 1ðtÞ ¼ k1ðtÞ � k2ðtÞI 1ðtÞ þ k�2ðtÞI 2ðtÞ; (16)

dI 2ðtÞ
dt

¼ _I 2ðtÞ ¼ k2ðtÞI 1ðtÞ � k3ðtÞI 2ðtÞ � k�2ðtÞI 2ðtÞ: (17)

Since concentration is the model output, we get y1(t) ¼ I1(t) and
y2(t) ¼ I2(t) as described in Eq. (4). Defining the order of the
reaction constants as DkðtÞ¼ ½Dk1ðtÞ; Dk2ðtÞ; Dk�2ðtÞ; Dk3ðtÞ�T
gives the following MATLAB code for the implementation of
Eqs. (3), (4), and (7)–(10),

% file I122.m

clear all

close all
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syms k1 k2 km2 k3 I1 I2

% differential equations

d_I1 ¼ k1 - k2*I1 + km2*I2;

d_I2 ¼ k2*I1 - km2*I2 - k3*I2;

% ouput equations

y1 ¼ I1;y2 ¼ I2;

% system matrix A

A11¼diff(d_I1,I1);A12¼diff(d_I1,I2);
A21¼diff(d_I2,I1);A22¼diff(d_I2,I2);
A¼[A11 A12;A21 A22];

% input matrix B

B11¼diff(d_I1,k1);B12¼diff(d_I1,k2);
B13¼diff(d_I1,km2);B14¼diff(d_I1,k3);
B21¼diff(d_I2,k1);B22¼diff(d_I2,k2);
B23¼diff(d_I2,km2);B24¼diff(d_I2,k3);
B¼[B11 B12 B13 B14;B21 B22 B23 B24];

C11 ¼ diff(y1,I1);C12 ¼ diff(y1,I2);

C21 ¼ diff(y2,I1);C22 ¼ diff(y2,I2);

C¼[C11 C12;C21 C22];

D11¼diff(y1,k1);D12¼diff(y1,k2);
D13¼diff(y1,km2);D14¼diff(y1,k3);
D21¼diff(y2,k1);D22¼diff(y2,k2);
D23¼diff(y2,km2);D24¼diff(y2,k3);
D¼[D11 D12 D13 D14;D21 D22 D23 D24];

which produces the following matrices for the linearized state-
space model:

A ¼ �k2 k�2
k2 �ðk3 þ k�2Þ

� �
; B ¼ 1 �I 1 I 2 0

0 I 1 �I 2 �I 2

� �
;

C ¼ 1 0

0 1

� �
; D ¼ 0 0 0 0

0 0 0 0

� �
:

The MATLAB code for the transfer function matrix H(s)
using Eq. (11) is shown below:

% identity matrix sI

syms s

sI ¼ eye(2)*s;

% calculating the transfer function

Hs ¼ C*inv(sI-A)*B+D;
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The results can be presented in MATLAB workspace by
typing pretty(simple(Hs)) or more readable as

HðsÞ¼ 1

s2þ sðk2þk3þk�2Þþk3k2
�

sþk3þk�2 �I 1ðsþk3Þ I 2ðsþk3Þ �I 2k�2
k2 I 1s I 2s �I 2ðsþk2Þ

" #
:

(19)

We see that the transfer function depends on the steady-state
value of I1 and I2. Since these values depends on the rate constants,
we first calculate and thereafter insert these expressions into the
transfer function making the transfer function only dependent
upon rate constants. The MATLAB commands used here are
solve and subs

% state space calculations

ss ¼ solve(d_I1,I1,d_I2,I2);

I1 ¼ ss.I1;

I2 ¼ ss.I2;

Hs1¼subs(Hs,{’I1’,’I2’},{I1,I2})
where ss is a structure with two elements, i.e., the steady-state
expressions for I1 and I2:

I 1 ¼ k�2k1 þ k1k3
k3k2

; I 2 ¼ k1
k3

: (20)

By typing pretty(simple(Hs1)) in MATLAB workspace,
we get the rate constant-dependent transfer function Hs1 as:

>> pretty(simple(Hs1))

[s + k3 + km2 k1 (k3 + km2) (s + k3) k1 (s + k3) km2 k1]

[—————————, - ———————————————————, —————————, - —————]

[ %1 %1 k2 k3 %1 k3 %1 k3]

[ ]

[ k2 k1 (k3 + km2) s k1 s (s + k2) k1]

[——, ———————————— , - ————, - ——————————]

[ %1 %1 k2 k3 %1 k3 %1 k3 ]

2

%1 :¼ s + s k3 + s km2 + k2 s + k2 k3

Based on this, it is now possible to investigate the step response,
frequency response (i.e., Bode plot), and the location of poles and
zeros. First the symbolic rate constants have to replaced by the
actual values (e.g., k1 ¼ 1, k2 ¼ 2, k�2 ¼ 3, k3 ¼ 4.)

Hs2 ¼ subs(Hs1,{’k1’,’k2’,’km2’,’k3’},{1,2,3,4})

s ¼ zpk(’s’)

Hs3¼eval(simplify(Hs2)) % canceling overlapping poles/
zeros

figure;step(Hs3)
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figure;bode(Hs3)

figure

subplot(2,4,1);pzmap(Hs3(1,1))

subplot(2,4,2);pzmap(Hs3(1,2))

subplot(2,4,3);pzmap(Hs3(1,3))

subplot(2,4,4);pzmap(Hs3(1,4))

subplot(2,4,5);pzmap(Hs3(2,1))

subplot(2,4,6);pzmap(Hs3(2,2))

subplot(2,4,7);pzmap(Hs3(2,3))

subplot(2,4,8);pzmap(Hs3(2,4))

producing the following results (Figs. 4–6).

2.4. Determination

of Control Coefficients

Using the steady-state expressions for the outputs, i.e., y1 ¼ I1
and y2 ¼ I2, we use Eq. (13) to calculate the frequency dependent
and Eq. (14) to calculate the steady-state concentration control
matrices using the following MATLAB code,

k_y ¼ [k1/I1 k2/I1 km2/I1 k3/I1

k1/I2 k2/I2 km2/I2 k3/I2];

C ¼ Hs.*k_y; % elementwise multiplication
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C1 ¼ subs(C,{’I1’,’I2’},{I1,I2})

Css ¼ simplify(subs(C1,’s’,0)

The results are presented below

Cy
kðsÞ¼HðsÞ �

kss

yss

¼ 1

s2þ sðk2þk3þk�2Þþk3k2
ðsþk3þk�2Þk2k3

k3þk�2 �ðsþk3Þk2 ðsþk3Þk�2k2
k3þk�2

�k�2k2k3
k3þk�2

k2k3 ðk3þk�2Þs �k�2s �ðsþk2Þk3

" #
;

(21)

and the steady-state concentration control coefficient matrix is

Cy
k ¼

1 �1 k�2
k�2þk3 � k�2

k�2þk3
1 0 0 �1

" #
: (22)

Applying the numerical values to the rate constants
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C2 ¼ subs(C1,{’k1’,’k2’,’km2’,’k3’},{1,2,3,4})

C3 ¼ eval(simplify(C2)) % freq. dependent CC

C4 ¼ dcgain(C3); % steady state CC

produce the following results in MATLAB:

>> C4

C4 ¼
1.0000 -1.0000 0.4286 -0.4286

1.0000 0 0 -1.0000

In the same manner as for the transfer-function matrix, step
responses, Bode plots, and pole/zero plots can now be found for
Ck

y(s) in Eq. (21).
The summation theorem applied to either of the concentra-

tion-control coefficient matrices (i.e., the frequency-dependent
matrix in Eq. (21) or the steady-state matrix in Eq. (22)) gives
(summed over all N reactions):X

all N

Cy
kðsÞ ¼

X
all N

Cy
k ¼

0
0

� �
;

which is easily verified by summing the rows in the MATLAB
results for C4 shown above.
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2.5. Structures as a

Tool for Generalizing

the Code

The basic data type in MATLAB is the numerical matrix; in fact,
the name MATLAB stands for MATrix LABoratory. Numerical
matrices are very useful for computations and linear algebra, but
they are not the only data types MATLAB offers.

In our work, we have chosen to employ two additional data
types to make the code easier to read, program, and manage:
Structures (structs) and cell arrays. Whereas the basic matrices
only allow numerical data, both the structs and the cell arrays
allow us to group together data of different types such as scalars,
matrices, symbols, strings, and indeed even structs and cell arrays.

The structs are variables that have named fields, making it
possible to create hierarchies of named variables, matrices, etc.
We have used these structs to easily model our chemical networks,
and to keep the symbolic and numerical data sets separate. The
struct that represents the networks symbolically has been named
s (for “symbolic”), while the struct containing the corresponding
numerical values has been named v (for “values”). Having all the
network data contained in two separate structures makes it trivial
to save and load new sets of variables, and keep track of multiple
data sets simultaneously.

As an example, the rate constants kn, and indeed all other
numbered variables, have been stored in the structs as cell arrays.
The symbolic rate constants are accessed by using s.k{n}, and
the corresponding values by using v.k{n}. Using cell arrays for
such variables means we can quickly, not to mention indepen-
dently of the current particular chemical network, check how
many rate constants the network has. This allows us to write
code that is more dynamic and does not need to be tailor made
for each network to be evaluated, i.e., we can easily add more
inputs or outputs and use the same framework.

In our work, we use the network models to study one or more
of the following input/output relationships in our search for
robust/nonrobust perfect adaptation:

l Rate constants/concentration

l Rate constants/fluxes

l Temperature/concentration

l Temperature/fluxes

We specify the equations of the network in the s struct and
the values for which we want to evaluate the network in the v
struct.

For the example in motif Eq. (15), i.e., rate constant/concen-
tration relationship, the network specification together with the
differential equations will look like

v.intermediates ¼ 2;

v.rate_constants ¼ 4;
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v.inputs ¼ v.rate_constants;

v.outputs ¼ v.intermediates;

v.k ¼ {1, 2, 3, 4};

% differential equations

s.d_I{1} ¼ s.k{1} - s.k{2}*s.I{1};

s.d_I{2} ¼ s.k{2}*s.I{1} - s.k{3}*s.I{2};

The generic code (used for all motifs) for calculation of
e.g., the system matrix A and the output matrix C in the s struct
becomes

% system matrix A

for kk ¼ 1:v.intermediates

for jj ¼ 1:v.intermediates

s.d_I{kk}.dI{jj} ¼ diff(s.d_I{kk}, s.I{jj});

s.A(kk,jj) ¼ s.d_I{kk}.dI{jj};

end

end

% output matrix C

for kk ¼ 1:v.outputs

for jj ¼ 1:v.intermediates

s.dy{kk}.dI{jj} ¼ diff(s.y{kk},s.I{jj});

s.C(kk,jj) ¼ s.dy{kk}.dI{jj};

end

end

By using the structs and cell arrays, the specification for each
motif needs approximately 20 individual lines of code, whereas
the generic calculation for transfer function, control coefficients,
search for nonrobust perfect adaptation and others are pro-
grammed over approximately 1,000 lines of code.

3. Defining
the Set Point
in a Homeostatic
Controller Homeostasis is another aspect of how to view (robust) perfect

adaptation of a controlled compound A. To see how the set point
in the integral feedback scheme (Fig. 2) can be defined in kinetic
terms, we consider in Fig. 7 an homeostatic inflow controller (25),
where species A is under negative stabilizing (33) feedback con-
trol by species Eadapt. We assume that A is synthesized by zero-
order process with rate constant ksynth and is subject to unpredict-
able inflow perturbations by (varying) rate constant kpert. Enzyme
Etr transforms A into another species, while enzyme Eadapt

induced by A (through kadapt) removes/degrades A. Enzyme
Eset removes or inactivates Eadapt. Concentrations of Etr and Eset
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are considered to be constant. All enzymatic reactions are
described by standard Michaelis–Menten kinetics

v ¼ V E
max � S

KE
M þ S

; (24)

where v is the reaction velocity, S denotes the concentration of
substrate,KE

M is the Michaelis constant, and V E
max is the maximum

velocity described by V E
max ¼ kEcat �E with turnover number kEcat and

enzyme concentration E.
The rate equations are:

dA

dt
¼ kpert þ ksynth � V

Eadapt
max A

K
Eadapt

M þA
� V Etr

maxA

KEtr

M þA
; (25)

dEadapt

dt
¼ kadaptA �

V Eset
maxEadapt

KEset

M þ Eadapt

: (26)

Equation (26) defines the error between the set point in A-
homeostasis,Aset, and the actual value inA by comparing Eq. (26)
with the equation

dEadapt

dt
¼ kadaptðA �AsetÞ; (27)

which gives the following Aset:

Aset ¼ V Eset
max

kadapt
� Eadapt

KEset

M þ Eadapt

: (28)

Equation (28) indicates that V Eset
max=kadapt is an upper bound

for Aset and robust homeostasis in A with the set point

Aset ¼ V Eset
max

kadapt
(29)

Eset

Eadapt

A
kpert

ksynth

kadapt

+

Etr

Fig. 7. Homeostatic inflow controller keeping robust homeostasis in A. Redrawn with
permission from ref. (25).
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is achieved when KEset

M � Eadapt , i.e., when there is a strong
binding between Eadapt and its processing enzyme Eset leading to
zero-order kinetics in the removal/inactivation of Eadapt (25).

To solve the rate equations (25) and (26) two m-files are
created and put in the path of MATLAB. The first file LShifc.
m contains initial concentrations to the dynamical variables y(i),
values to the rate parameters k(i), the method of integration,
and the simulation time. The file can also include plotting instruc-
tions as shown here:

%le: LShifc.m

clear all

% dynamic variables

% y(1) <-> A

% y(2) <-> E_adapt

%rate constants/rate parameters

% k(1) <-> k1

% k(2) <-> kcat(E_adapt)

% k(3) <-> KM (E_adapt)

% k(4) <-> k_adapt

% k(5) <-> kcat (E_set)

% k(6) <-> KM (E_set)

% k(7) <-> k_synth

% k(8) <-> kcat(E_tr)

% k(9) <-> KM (E_tr)

% k(10) <-> E_set

% k(11) <-> E_tr

% define rate constant values [k(1) k(2)..... k(10)]

ks¼[0.1 1.0 2.0 3.0 6.0e+6 1.0e-6 1.0 0.01 5.0
5.0e-7 0.1];

% simulation time

t¼[0,50];

% initial concentrations

y0¼[1.0 0.03];

% options for numerical integration

options ¼ odeset(’RelTol’,0.000001,’MaxStep’,0.01);

% solve model

[T Y]¼ode15s(@hifc,t,y0,options,ks);

% making Figure 1

figure(1),

subplot(2,1,1),plot(T,Y(:,2),’-’,T,Y(:,1),’-’);

xlabel(’time, ␣au’);
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ylabel(’concentration, ␣au’);

hold on

grid on

legend(’E_{adapt}’,’A’);

hold off

subplot(2,1,2),plot(Y(:,1),Y(:,2),’-’);

xlabel(’A-concentration, ␣au’);

ylabel(’E_{adapt}-concentration, ␣au’);

title([’inflow ␣ homeostatic ␣ controller’])

hold on

legend(’E_{adapt}-A ␣ phase ␣ plane’);

hold on

grid on

hold off

The second file hifc.m defines symbolically the rate equa-
tions:

%le: hifc.m

function dy¼hifc(t,y,k)
dy¼zeros(2,1);
dy(1)¼k(1)-k(2)*y(1)*y(2)/(k(3)+y(1))+k(7)-k(8)*k(11)
*y(1)/(k(9)+y(1));

dy(2)¼k(4)*y(1)-k(5)*y(2)*k(10)/(k(6)+y(2));
The model is run by placing the files LShifc.m and hifc.m

somewhere in MATLAB’s path, typing LShifc in the MATLAB
console, and hitting the RETURN key. Figure 8 shows the adap-
tation behavior of the inflow controller with the initial concentra-
tions and rate constants given above.

3.1. Harmonic

Oscillations

in Homeostatic

Controllers

Interestingly, the negative feedback in the A–Eadapt homeostatic
system can lead to harmonic oscillations when the binding
between A and Eadapt becomes strong (leading to low K

Eadapt

M

values) and, additionally, the removal of A by transforming
enzyme Etr is negligible (either by a large KEtr

M value and/or by a
low V Etr

max value). In this case, the rate equations (25) and (26) can
be combined and lead to the harmonic oscillator equation

€A

k
Eadapt

cat � kadapt
þA ¼ Aset ¼ V Eset

max

kadapt
; (30)

indicating that A shows harmonic oscillations around Aset with a
period length P given by

P ¼ 2pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k
Eadapt

cat � kadapt
q : (31)
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To observe these oscillations, we make a slight change in the

K
Eadapt

M (k(3)) value from 2.0 to 1.0e-6 by appending the
following code in LShifc.m:

%file: LShifc.m

...

% repeat calculations, but now with low k(3)(KM (E_adapt))
value...

% define rate constant values [k(1) k(2)..... k(10)]

ks¼[0.1 1.0 1.0e-6 3.0 6.0e+6 1.0e-6 1.0 0.01 5.0 5.0e-7
0.1];

% simulation time

t¼[0,50];

% initial concentrations

y0¼[1.0 0.03];

% options for numerical integration

options ¼ odeset(’RelTol’,0.000001,’MaxStep’,0.01);

% solve model

[T Y]¼ode15s(@hifc,t,y0,options,ks);

% making Figure 2

figure(2),

subplot(2,1,1),plot(T,Y(:,2),’-’,T,Y(:,1),’-’);
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Fig. 8. MATLAB generated plot showing (robust) adaptation in A.
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xlabel(’time, ␣au’);

ylabel(’concentration, ␣au’);

hold on

grid on

legend(’E_{adapt}’,’A’);

hold off

subplot(2,1,2),plot(Y(:,1),Y(:,2),’-’);

xlabel(’A-concentration, ␣au’);

ylabel(’E_{adapt}-concentration, ␣au’);

title([’inflow ␣ homeostatic ␣ controller’])

hold on

legend(’E_{adapt}-A ␣ phase ␣ plane’);

hold on

grid on

hold off

This change inK
Eadapt

M generates harmonic oscillations inA and
Eadapt , see Fig. 9.

These type of oscillations have been considered to occur in the
negative-feedback regulation of the p53-Mdm2 system (34, 35),
where p53 is considered to be bound by Mdm2 to an upper (sub-
apoptotic) level (36). Recent experimental findings using a
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Fig. 9. Harmonic oscillations generated in the homeostatic inflow controller. Due to the harmonic character of the
oscillations no limit-cycle is observed but multiple trajectories in phase space occur (only one is shown) which depend on
the initial concentrations.
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synthetic–natural hydrid oscillator of the p53 network showed
indeed the presence of a major harmonic component (37).
Another interesting aspect of oscillations arising in homeostatic
controllers may be related to the pulsatile manner of how hor-
mones are released leading to homeostatic control of important
metabolites (38).

4. Supplementary
Information

MATLAB files I122.m, LShifc.m, and hifc.m described in the
text can be downloaded from http://bioinfo.ux.uis.no/adapt.zip.
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