STABILITY OF A COMPRESSIBLE TWO-FLUID HYPERBOLIC-ELLIPTIC
SYSTEM ARISING IN FLUID MECHANICS

STEINAR EVJE4* AND HUANYAO WEN4

ABSTRACT. This paper deals with an initial-boundary value problem for the following one-
dimensional two-fluid system

nte + (nug)z =0, zel=10,1, t>0,

m¢ + (muy)z =0,

ag[Pyla = pgluglee,

[Pz = ], aptag =1,
where n and m represent, respectively, gas mass and liquid mass; ug and u; are corresponding
fluid velocities whereas ag and «; are volume fractions occupied by the gas and liquid phase,
and Py and P; are pressures associated with them. The model represents a submodel of the
full two-fluid model studied in [5]. An important difference between the model studied in the
present work and that studied in [5] is that viscosity coefficients p;, g are assumed to be
constant. Bresch et al assumed mass-dependent coefficients that allowed them to derive a so-
called BD inequality which implies that masses are in H'. Since we are excluded from following
that route, we instead explore how the use of two non-equal pressure functions Py and P, (i.e.,
P, — Py = f(m) # 0) allows us to obtain global estimates that guarantee a stability result to
hold. I.e., we prove that

m(-,t) — m, n(-,t) — n, ur(-,t), ug(-,t) = 0,

with respect to the norm in L°°(I) for constant states m and 7i. Estimates of the time asymptotic
behavior are also provided.

Keyword: two-fluid model, non-equal pressure, capillary pressure, Navier-Stokes, existence,
stability
Subject classification: 76T10, 76N10, 65M12, 35L60

1. INTRODUCTION

This paper deals with a mathematical model for gas-liquid flow dynamics where the gas phase
is modelled as an ideal gas whereas the liquid phase is assumed to be weakly compressible. The
model is based on the so-called two-fluid formulation where the gas and liquid phase have separate
mass and momentum conservation equations. In particular, the momentum equations involve
a non-conservative pressure-related term, a viscous term and external force terms representing
gravity and friction between fluid and wall as well as interfacial friction. The model takes the
following form [18] (Chapter 10):

O(n) + Ox(nugy) =0

Or(m) + 0z (muy) =0
O(nug) + &v(”ug) + g0, Py = — foug — I(ug — w) — ng + 0z (p1g0rug)
Or(muy) + 8x(mul2) + 0. P = — fiwg + I(ug — w) — mg + Ox (tu0zwy).

(1.1)

Here n = ayp, and m = a;p; where the volume fractions satisfy

o+ oy =1, (1.2)
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2 EVJE AND WEN

whereas pj, pg are densities and u;, u4 are fluid velocities associated with the liquid and gas phase.
Moreover, the three first terms on the right hand side of the momentum equations represent,
respectively, wall friction with coefficients f,, fi; interfacial friction with coefficient I; and gravity
with gravity constant g. Finally, g, 1 are the viscosity coefficients.

Several challenges are associated with the model (1.1).

e The combination of different density-pressure laws corresponding to the different phases
gives rise to non-conventional, nonlinear pressure functions that can be a challenge to deal
with;

e Transition to single-phase regions, i.e, regions where m or n become zero, can happen
because the volume fractions cy, oy become zero and/or because densities pg, p; vanish
(formation of vacuum). Typically, we will need some uniform bounds on the masses m
and n in order to derive higher order estimates;

e The non-conservative pressure terms a,0,FP, and o0, F, often prevent from applying
arguments used for Navier-Stokes equations;

In [5] a model similar to (1.1) without external force terms is studied for two fluids described
by density-pressure relations of the form

Py, = Cyp)e, P = Cip/", Ygo 1 > 1, Cy,Cr >0,

together with the assumption of equal pressure, i.e., P, = P, = P. A key assumption in their
work is that the viscosity coefficients depend linearly on masses, i.e., are given as

Hg = EgN, e = &m

for positive constants e, and ¢;. Thanks to this structure the model allows for deriving a so-called
BD entropy estimate, which in turn ensures estimates of the form

[z i < c

From these estimates the well-posedness is obtained as well as information about the long time
behavior. We refer also to the recent work [12] which also largely relies on this approach but in
a gas-liquid context where a polytropic gas law is used for the gas phase whereas the liquid is
assumed to be incompressible.

For the problem with constant viscosity coefficients pig, 1t > 0 there seems to be very few, if
any, mathematical results on compressible two-fluid models, even in one dimension. The purpose
of this paper is to provide a first global result for that case. The approach we pursue is to include
a capillary pressure term, i.e., we do not assume that the two phase pressures P, and F; are equal.
The assumption about non-equal pressure functions P, # P, (in an appropriate sense) is quite
natural. This amounts to including capillary pressure forces and is commonly included in modeling
of two-phase flow i porous media. We refer to [3] for a classical approach and [19] and references
therein for a more recent discussion where non-equilibrium effects are taken into considerations.

Capillary pressure P, is defined as the difference between the non-wetting (nw) fluid and the
wetting fluid (w),

Pc - Pnu) - Pw-
In a gas-water system gas will be the non-wetting fluid, hence,
Pc:Pg_Pl :Pc(al);

where P, is decreasing as a function of the wetting phase volume fraction (saturation). Consistent
with this we will in our setting assume that

P, — P = —f(m), (1.3)

where f/(m) > 0. In this work we shall analyse a reduced version of the full two-fluid model (1.1)
where the momentum equations have been simplified. More precisely, we consider the following
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generic two-fluid hyperbolic-elliptic system based on Stokes equations instead of the full momentum
equations:

ne + (nug)s =0,
me + (muy), = 0,

(1.4)
og[Pyle = pgluglea,
[Pz = ] ex,
where the following constraints are imposed
o +og =1,
B — Py = f(m), (1.5)
pz:plo+PL;—L2Pl°, pg:%a

where f € C?([0,00)) and f’ > 0 on [0,00). a; and a, represent the sound of speed whereas pio
represents the density at the reference pressure Pjg. These are known parameters. Consider the
initial-boundary value conditions:

(m,n)(z,0) = (mo,ng)(xz) for x € 0,1] (1.6)
and
(ur,ug)(0,t) = (u,ug)(1,t) =0 for ¢ > 0. (1.7)

Finally, we mention that the full two-fluid model equipped with non-equal pressure functions is
discussed in the work [13]. We consider the reduced model (1.4) to clearly illustrate the distinct
role played by the capillary pressure-like term f which characterizes the difference between the
two pressures Py and F.

It is also worth mentioning that the use of Stokes’ equations in combination with mass conser-
vation has been used as an alternative approach to the standard description of two-phase flow in
porous media based on Darcy’s law [16]. In fact there has been quite a lot of work done dealing
with this approach as an attempt to take into account certain viscous effects between fluid phases
which are ignored in more standard formulations. Hence, the model (1.4) is also of interest from
a more applied point of view.

1.1. Other related works. The use of non-equal pressure functions P, # P, in the context of
two-fluid modeling is not new. For example, the following inviscid model (no viscosity terms in
momentum equations) has been studied in [20] (see also [17]) from a numerical point of view:

I(ag) +uilz(ay) = %(Pg - P)
9 (n) + O (nuy) =
9 (m) + (muz) (1.8)
Ot (nug) + 0p(nul) + g0y Py + (Py — Pig)0parg = Sy —i—qu(ul—ug)
O (muy) + 0y (mul)—i-ozl(? P+ (P, — Py)0,

Herein an average interface velocity u; must be specified as well as some interfacial pressures P,
and Py. Moreover, S, and S; are the momentum external force terms whereas ¢, (and ¢,) is a
relaxation source term that will enforce more or less equality between the two pressures P, and F,
(and uy and ;) as g, (and g,,) becomes sufficiently large. Thus, in this model the use of unequal
pressures is compensated for by adding a new equation for the volume fraction a.

A similar two-fluid model was discussed in the recent paper [21]. In particular, the construction
of solutions of the Riemann problem was explored. The model was written in the form (using the
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same notation as before)
Oe(pr) + Oz (prur) =
O(n) + Oy (nuy
9 (m) + O (muy (1.9)

O (may) + Bw(mulz) + 0y (uP) = —Py0yay.

The model is derived from a more complete model for gas-solid phase flow, see [2, 6]. Also for this
model non-equal pressure functions have been used combined with adding a new PDE equation,
in this case, for the solid phase density p;.

Hence, our approach as reflected by relying on the algebraic relation (1.3), which instantly
enforces an equilibrium relation between P, and P, seems to be novel and quite different from
what has been explored before in the context of inviscid compressible two-fluid modeling.

Finally, before we state the main result of this paper it is also relevant to mention some results
on a related gas-liquid model, the so-called drift-flux model. The model is similar to (1.1), however,
the two momentum equations have been added together to form a mixture momentum equation.
The loss of information about the separate fluid velocities are then compensated for by adding a
slip relation of the form uy, = Klagug + oqug] + S where K and S are known parameters. This
algebraic relation is used to obtain a model that has been useful for modeling of realistic gas-
liquid flow behavior in different contexts. In particular, the model is general enough to describe
important flow behavior where the gas and fluid velocities can be quite different. We refer to [18]
and references therein for more information on the model. In [9, 10] this model was analyzed in a
setting which involved a free interface separating the gas-liquid mixture from a gas-region whereas
in [11] well-posedness was discussed for the model in a closed conduit.

It is interesting to compare the two mentioned two-phase models with other two-phase formu-
lations based on Navier-Stokes equations. A more recent example is represented by the work of
Abels and Feireisl [1]. The system consists of the compressible Navier-Stokes equations govern-
ing the motion of a mixture of two fluids coupled with the Cahn-Hilliard equation for describing
the concentration difference. A general existence result was proved for a 3D model without any
restriction on the size of initial data. See also [15] and [8], and references therein, for many in-
teresting results in this direction. This two-phase model involves a common velocity in contrast
to the model two-fluid model (1.1) and the drift-flux model studied in [9, 10, 11]. The model has
many applications in areas where the two phases do not appear in a mixture, i.e., at one point in
space only one of the phases can be present.

1.2. Main results. The main result in the paper is concerned about global stability of the so-
lutions near a constant equilibrium state. First, we introduce some notations. Denote I = [0, 1],

m= [ modzr, n = / ng dz. The following (weak) structural assumptions related to the pressure

I I
difference f(m) close to 0 and the constant equilibrium state (m, ), are needed (see also Remark
2.3):

P,
plO_ﬁ—’—f(o) >07 0<fl(m) Sal27 (110)
1
where f € C%(]0,00)) and f’ > 0. Then, we have the following result.
Theorem 1.1. Assume that mg € H* where m > 0, ng € H' and ir[lf }no = Ap >0 and (1.10)
xe|0,1
holds. Then there exists a positive constant o, such that the system (1.4) with initial-boundary
conditions (1.6) and (1.7) where [;(m§, +nd,) < o, has a global solution (m,n,u;, ug):
More precisely,

2 2 2
(m,n) € [C(0,00); 7] 1 [CH([0, 00); L)%, (1, ug) € [C([0, 00); )]
and there are constants N1, No > 0 and My > 0 (independent of time t) such that
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Here the initial data and upper and lower bounds N1, N, and My are related to the constant states
m and n by the following inequalities:

0<m <supmgy < M, Ny <ir}fn0§ﬁ§supno<N2. (1.12)
I I

Furthermore, it follows that the solution is globally stable near the constant equilibrium state (M,
n, 0, 0) in the sense that

(m — 1iv,m = @)l + [ty ) |12 < C exp{—Cit}, (1.13)

for all time, where C' is a positive constant depending on the initial data and some other known
constant but independent of t.

The consequence of this result is that we have a complete description of the long time behavior
of (n,m,ug,u;) given that the initial masses are sufficiently small in H'. In particular, in view of
the inequality

jmo — ] < /|mow|dx < mos 22 < o,
I

and similarly for ng, it follows that the equilibria (m, 7, 0,0) attracts all solutions emanating from
the initial data (mg,no) as long as the distance to the equilibria is sufficiently small and (1.10)
and (1.12) holds.

The assumption about non-equal pressure P, # P, is weak in the sense that we only require
that the difference f(m) between P, and P, locally around the equilibria state m is increasing,
ie., f'(m) > 0.

Outline of our approach. Under the uniform a priori assumptions of m and n as given by
(4.58) in Proposition 4.1, we can obtain an estimate of the form (Cy,Cs,C5 > 0)

d

dt (/01(01 [ma]” + OQ[”I]Q)) +C* /(;1(01 [me]? + Cz[ng]?)

<04 [/01@1 [m.]* + 02[”112)} 1/2([/01

where C* is a positive constant thanks to the fact (essentially) that f’(m) > 0, see (1.10) for the
precise statement. It follows that this inequality entails stabilization of m, and n, in L? under
appropriate smallness assumption on initial masses mg and ng in H' in the sense that we can find
an €1 > 0 such that (Lemma 4.3)

@lml + )] +1) [ (@l + Cofna),

/(mi —i—ni) < eq.

Armed with this result we can then close the a priori assumption of Proposition 4.1 which paves
the way for proving the existence part of Theorem 1.1 by standard continuity arguments. The
asymptotic estimates are a by-product of this analysis as expressed by Lemmas 4.6, 4.7 and 4.8.

The structure of this work is as follows. In Section 2 we provide a local existence result. Then in
Section 3, as a preparation for the global estimates we introduce a reformulation of the model that
will facilitate the analysis. In Section 4 we give the proof of Theorem 1.1 in terms of Proposition
4.1 (which in turn rely on the results of Lemma 4.2, 4.3, and 4.5). The asymptotic estimates of
(m,n,u, ug) follow from Lemma 4.6, 4.7 and 4.8.

2. LOCAL EXISTENCE

The main objective of this section is to prove a local existence result. For that purpose we will
need to control Py, and Fj, in some appropriate norms. In particular, it is then necessary with a
more precise understanding of how to bound the quantities ZLW?L and %. In the next subsection

we provide such insight before we give details of the local existence result in Section 2.2.
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2.1. Relationships between (p;, py) and (m,n). (1.5) implies that

% Py  f(m)
g 10
Y T2 2.14
Pl a2 Pg + pio o + - (2.14)
and
mpg + npL = pPipy- (2.15)
Substituting (2.14) into (2.15), we have
a? )
2Pa by —c=0, (2.16)
a
where ]
b= b = m + S 2y~ L2 217
l 1 1
c= C(m,’n) = n|:pl0 _ % + f((l”;l):|
l 1
From (2.16), we obtain
2 2
al |: ag:|
= —1b+ /b2
p‘] 2@3 + al2
We need to find some conditions such that we can get a unique, non-negative p,. Since p;o — % +
1

£(0) >0 and f" > 0 on [0,00), then ¢ > 0 and thus

a? bt b2+ dca? n
Pg = 242 [ \/ a—2:|’ Qg = 5,
5! ! P (2.18)

Pz:Z—%Pg+Plo—§—?+—ffl?), o = 2.
Remark 2.1. For later use we need some understanding of what is needed to bound g% and %Ls.

Direct calculations give

dpg(m,n) a_l2

= 1— 4+
om 2a2 a? o [z 4 4e3
+ o
and
P
2a2b 4(1?7 [Plo*ﬁJr ff;;):|
2 2 g 1 1
dpg(m,n) a; ay aj a7
on n 2a2 a_f * 5 | dcaZ
’ 24 /6% + a2J

2 2
In particular, in view of (2.17) and first part of (1.10) we conclude that b* + 40% > 402—3 has a
l l

positive lower limit if

1
0<m< M, O<N§n§N,

for some M, N > 0 from which we also can conclude that ‘%

and ’% are bounded. Addi-

tionally, it also follows that p, has a positive lower limit, i.e., ag = pﬂ has an upper bound, and
4 4 »
consequently 0 < pl, % <1.
g

Remark 2.2. In Lemma 4.3 we will need that & = oy(m,n) > 0 and &y = ag(m,n) > 0. This
follows directly from (2.18) and Remark 2.1 since m,n > 0.
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Remark 2.3. In Lemma 4.3 it is crucial that W > 0. From the assumption that
1— f'(m)/a? > 0 it follows that

Opy(ms i) _ ai [1_M} N {1_ f’(;ﬁ)} b :a_?[l_@
1

2
om 2a; aj

since c(m,n) > 0, see (2.17) and (1.10).

2.2. A local existence result. The statement of the theorem on local existence of the solution
as in Theorem 1.1 is as follows:

Theorem 2.4. Assume that mg € H', ng € H' and ir[lf }no = Ay > 0. Then there exists a
ze[0,1

positive constant Ty, such that the system (1.4) with initial-boundary conditions (1.6) and (1.7)
has a solution (m,n,u;,ug) on [0,1] x [0,Tp] in the sense that

2 2 2

(m,n) € [C([0,To); H")]" N [C'([0,To]; L*)]", (ui,ug) € [C([0, To]; H?)]".

We are going to apply the iteration arguments to prove Theorem 2.4.

Proof of Theorem 2.4:

Denote
S £ Sty,4, = {’U € O([OvTO]aH(% ﬂH2) HUHC([O,TO];H2) < A,uAl}

where A, = Inax{i, ML} The constants A; and T are specified such that they satisfy (2.33)
g
and (2.48), respectively. Note that Co in (2.33) only depends on initial data and known model
parameters.
Step 1: construct an iteration sequence.
Following the similar arguments in [7], we construct an iteration sequence as follows:
nf + (nFuk=1), =0,

g
mb + (mFuf=1), =0,

OSIPE = o, 1)
o [PMe = pulufles, (2,t) € (0,1) x (0, Ty,
with the initial-boundary value conditions:
(m*,n*)(x,0) = (mo,no)(x) for z € [0,1] (2.20)
and
(uf, up)(0,) = (uf,ul)(1,t) =0 fort >0, (2.21)

for k =1,2,3,...and (u),u]) = (0,0), where oe’; = ay(mk,n*), af = ay(mk, nk), P; = P,(m*,nk),
PF = P(m*,n"), and

(mF,n*) € [C([0, Tol; HY) 0 [0, Tol; L3)]?, (uf, uf) € [C(0, To); Hy N H?))®.

Moreover, we have

z€[0,1]

To
mF > inf mo(a:)exp{—/ ||uﬁml(s)||Loods} (2.22)
0
and

To
n® > inf ng(x)exp{— / $)||Lecds}. (2.23)
z€[0,1]
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k

In the following we will obtain estimates of {m”,n*, u}, u’g“} that are independent of k.

Step 2: boundedness of the sequence.

Assume that uk 1,u’g“_1 € S. To prove uf,ug e S forall i =0,1,2,3,..., it suffices to prove
ul, ug es.
In fact, since uk~! € S, (2.23) gives
nk > Agexp{—C1A, Ty} > Age™" > 0, (2.24)
where (' is a generic positive constant depending only on A; and the initial data, and
Ty < CllA 2Ty (2.25)

Differentiating (2.19); with respect to x, multiplying the result by 2n*, and integrating by parts
over [0, 1] x [0,¢] for t < Tj, we have

/|”k|2 /|n01| —3// |nk2 kol //nkn’;u -
3 1 3
/InoIl +Gi4 // I |2+2/ n*|| o </ n’;|2) </ |u_§)w;|2> (2.26)
0

S / |7’L011|2 —+ ClA#TO max / |7’LI;|2 —+ OlA#To,
0 t€[0,To] Jo

1 1
where we have used the facts that ulg’l € S and that / nk = / ng, and the Poincaré type
0 0

inequality
1 1 1
It < = [+ [ mo < bl + [ o (2.7
0 0 0
Taking the maximum of both sides of (2.26) over [0, Ty], we have
1
max / Ink|? < 2/ ng , + C1 ATy, (2.28)
t€[0,To)
where we have used
1
To < min{T}, ———} £ T. 2.29
0 < min{ 1’2CA} 2 ( )

On the other hand, using (2.27) and Holder inequality, we have
J R Py ey (2:30
(2.28) and (2.30) give

2 2 2
tér[%agfo] In* ()13 < 5linollFn +2C1 A, To < 5llnol|F + 1. (2.31)

Similarly, we have

Jmax [m* (0l < Slimoll + 2014, T < Slmollin +1, (2.32)

provided that Ty < Ts.
Using (2.19)3-(2.19)4, the standard elliptic estimates, (2.24), (2.27) (as well as the same kind
of estimate for m*), Remark 2.1, and (2.31)-(2.32), we have

luglaz < oAy and Jufl 2 < C2Ay,
where Cy depends on Ag and the initial data, but is independent of A; and Tp. Let
Ay > Cy, (2.33)
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we have uf,u’; € S provided that Ty < T. Thus ul,u € S for all i provided that Ty < Ts.

Besides, we get (2.31) and (2.32) for all k provided that Ty < Tb.
Step 3: Compactness arguments.

Since we have uf,u}, € S for all i and (2.31)-(2.32), then there exist a subsequence k; (i =

1,2,3,...) and a (u;, ug, m,n), such that

(uf,ulg“) — (ug, ug) weak-* in [LOO([O,TO];H(} N H2)]2,
nF — n weak-* in L>([0, To]; H'),
m* — m weak-* in L>([0, Tp]; H'),

(nf,mf) — (ng, my) weak-* in [L“([O,To]; Lz)}

(2.34)

2

as k; — 00, where
(ur, ug,m,n) € L>([0, To]; H*) x L>°([0, To]; H*) x L>°([0, To]; H') x L>°([0, To; H),

and ng, my € L°([0,Ty]; L?). Using the Aubin-Lions’s compactness theorem, we can obtain strong
convergence. More precisely, there exists a subsequence still denoted by k; without loss of gener-
ality (i =1,2,3,...), such that
nki — n in C([0,1] x [0, Tp]), (2.35)
m* — m in C([0,1] x [0, Tp)), '
as k; — 00. (2.35); and (2.24) give
n(z,t) > Ape™t >0 (2.36)

for any (z,t) € [0, 1] x [0, Tp].

. kifl k}i—l
Step 4: convergence of (u;" ™", ug ™).

We have shown convergence of (ul ) Uy ki), however, we must also demonstrate convergence of

(ufC ki #i~1) to the same limit functlons since both are used in the linearized system (2.19). T

that end denote mhtl = Mkt — ik and Akt = nkt1 — pk. Then

AR Bl omk (- uE ) A b, + mE b — ), =0, (2.37)
mk+(z,0) = 0 |
and
AR | gk kg (u -~ ug ) g ikt [y ] + nk(u’; — u’;—l)m =0, (2.38)
k+1(x, 0) = 0 |
for (z,t) € [0,1] x [0, Tp).
Multlplylng (2.37) by 2m**!, and integrating the result over [0, 1], we have
1
G [ e = [t =t = [t
0
1
B 2/ mE bl — a1,
; (2.39)

<2fuy = uy oo [ el e+ e | o 5|7

k— _
+ 2/mF | poe [ (uf = wy ™ )a [l o2 [P 2

<Csl|(uf = uf™Nallz2llm* |z + CaAum*™ |,
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where C3 depends only on the initial data and A;. Here we have used (2.32), the fact that uf € S,
and the Poincaré inequality. Similarly, we have

/Ik“2<CMu—u Dl 175 e + Ca A [+ 2. (2.40)

We see that ul — uf ! solves the equation

el =i oo = o [Pa — o TP T e = (of — ol TP + o TP = BT e (241)

Multiplying (2.41) by i(uf uf~t), and integrating by parts over [0, 1], we have

/| e

1 1
:‘E w%wFWJ—Wﬂmm—EA@ﬁﬂﬁ>www-w*h
(2.42)
1 /! 1 /!
—— - [k — el - fWWh+EAw%wFWJﬂAW—W*>
1 1
T R R

Note that
o — a7t < Cu(|mF| + [2¥]) and |Pf — PF1 < Cu(lm¥| + [10"])

for some positive constant Cy depending only on Aj and the initial data. This together with the
Poincaré inequality, Holder inequality and (2.42) implies that

04
J R e (L PR L PN
i
O k k (2.43)
t Iy = ™Dl g™ ol ez (1" || 2 + 7% 2) :
Capipe k1 —k K
+ Ell(ﬂz = all2(Im”ll L2 + 177 L2).-
Note that
ap ap
_ [ 29Pg | 29Pg
le— aqam+f(m):| m+a 9 on, Ny
and
e =9 . mOp _[i_ﬁ%
= T T T o pg(m,n) p2 Om pg P2 On *

Since [PF], and [a} '], are bounded in L? due to (2.24), Remark 2.1, (2.31) and (2.32), (2.43)
together with the Cauchy inequality gives

Cs - _
[l <+ ), 2.44)
1

where C5 is a positive constant depending only on Ag and the initial data. Similarly, we have

C5 _ _
/ (uf —ub™1),? < N2(||mk|\%2+||”k||%2)- (2.45)

g

Combining (2.39), (2.40), (2.44) and (2.45) with Cauchy inequality, we have

d ' - - -
dt J, (Im* P 4+ [2) < CeAu(Ilm* (172 + 1051172) + Ce Au(ImF |32 + [nFH132), (2.46)
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where Cg is a positive constant depending only on C3 and C5. Integrating (2.46) over [0, ¢] for any
given t € [0, Tp], and taking the maximum on both sides, we have

_ _ 1 B )
té%ago](llm’““llé +IRE L) < 5 t$a¥o](|\mk||i2 + 17 )12.), (2.47)
provided
1 A
To < min{Ty, 7=——} = Ts. 9.48
b < min{Ty, 30614“} 3 (2.48)

Using (2.47), (2.31) and (2.32), we get

k—1 k-1
1 1
— k412 —k+1(2 < - — 2112 =212 <C - 2.49
o ([l s o+ 1 |Lz>_(2) e (2 + 1% 2) < (2) L (249)

for all k, where C7 is a positive constant depending only on the initial data. (2.44), (2.45) and
(2.49) give

_ CsC7 (1\F72
b = b )2 < 527<5> , (2.50)
Hi

and

! CsCy (1\F72
k k— 57
/0 |(ug — Uy 1)m|2 < (5) . (2.51)

H
(2.50) and (2.51) combined with (2.34); imply that

(W ki) = (ug, ug) weak-* in [L([0, To); Hy)]” (2.52)

as k; — oo.
Step 5: conclusion

Based on (2.34), (2.35) and (2.36) in Step 3, it is easy to verify

pgltiglez = ag[Pyla,

) ee = ou[Plla, (2.53)

a.e. in [0,1] x [0, Tp], since

(ki o) P} Pf) = (ag, 00, Py, Py) in C([0,1] x [0, Tp)),
as k; — oo, and [Pr], and [PFi], are bounded in L>°([0, Ty]; L?), where a, = a4(m,n),a; =
ai(m,n), Py = Py(m,n), P, = Pi(m,n).

Using (2.34)4, (2.35), (2.52) and the regularity of (m,n,u;, uy), we get

ny + (nug)y =0,

2.54
me + (muy), = 0, ( )

a.e. in [0,1] x [0, Tp]. (2.35) and (2.34); ensure that (m,n) and (u;, uy) satisfy the initial condition
and the boundary condition,respectively. The continuity in time of (m,n,u;,uy) can be obtained
by using the similar arguments for instance as [7]. Thus, we get a solution (m,n,u;, uy) which
solves (1.4), (1.6) and (1.7) on [0, 1] x [0, 7] in the settings as in Theorem 2.4. The uniqueness
was done implicitly in Step 4.
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3. REFORMULATION

Recall from Section 1 that I = [0,1], m = /mo dz, n = /no dr, m=m—mand n =n — n.
I I
Then (m, 7, u, uy) satisfies
Ny + Mg + N(Ug)s + (ug)s =
mey + mgu; + ﬁl(ul) ( ) =0,
af;%[ﬂg]w = pig[Uglaa,
a?]al [pg]m + alf/(m)mm = [ul]mm

(3.55)

Denote a; = a;(m,n), dg = ag(m,n), pr = pi(m, 1), pg = pg(m,n). Then (3.55) is reformulated

as follows:
e + Naug + 1(ug)e + 72(ug)e =0,

my + mgup + m(uy) . + m(u)e =0,

(3.56)
9pg 9pg ~ 19pg =~ Opg = 1 _
a2(aq O‘q)[afn My + a/; ’er] + agag[afn My + a/; nw] = Mg[ug]ma
2(al — al)[g—mmz + an Pap.] + a al[gﬁj My + %Lngﬁz] +ayf'(m)ymy = pug]es-
We will obtain the following refined version:
Nt + 1(ug)a = —Tatlg — N(Ug)a,
me + Th(’u/l)w = —Myzu; — m(ul)wa
G (m,n, m, @)y + Ga(m,n,m, i), + a2y 20t i, 4 2alilly | (3.57)
= Mg[ug]mma
Gs(m,n,m, n)m, + Ga(m,n,m,n)n, + a’d [apg(: ) g + 6’)95:7?’&)%%]
+04lf( )mx = ,Ul[ul]mcv
where
- _ Opg(m,n) _ (9pg(m,n)  Opgy(mn, i)
G (ma n,m, n) = a_(2] (O‘g - o‘g)gaT GZQQ gam - gam ’
- _ Opg(m,n) _ (9pg(m,n)  Opgy(mn, i)
Gz(m,n,m,n):az(ag— ) ga ag g gan - gan ,
Gs(m,n,m,n) = ay(cq — al)apgé:; n) + agdz (3/)9(;2, n 3;@(52, N)) +aif'(m) = af'(m),

4. PROOF OF THEOREM 1.1

Let C denote a generic constant that is independent of time ¢ but that may depend on some
known constants, and T denote the maximum time for the existence of solutions as in Theorem
2.4. Theorem 2.4 implies that T* > 0. To prove the global existence, it suffices to show that
T* = oo. For otherwise, i.e., T* < oo, it will lead to a contradiction based on the following
estimates.

Proposition 4.1. Under the conditions of Theorem 1.1, for any T < T*, if

N1 <n < Ny and m < My, (4.58)
then

N1 <n < Ny andm < M;, (4.59)
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in I x [0,T], provided that /(m%x +nd,) < eo for some g9 > 0. Here Ny < Ny < inflno <n,
_ I _ faS
n < supng < No < No, and m < supmg < My < M;.
el zel

The proof of Proposition 4.1 is divided into the following Lemmas 4.2, 4.3 and 4.5.
Lemma 4.2. Under the assumptions of Proposition 4.1, it holds that
tgll[uglellLee < C([lml[Loe + |7]l Lo ) (MLt + [[nallr + 1),

pullfwel e < C(Imlloe + Al o) (ImallLr + [[nallr: +1),
(4.60)

palllw)ze |2 < C (Ilme| L2 + [nall22)
tgll[ugleallLz < C (Imallz2 + l[nallL2)
for a.e. t €10,T).

Proof. Based on (3.57)3, (3.57)4 and the boundary condition, the solutions to (3.57)3 and (3.57)4
can be written respectively as follows

ugug:/z/yal(m, i, iym. _I//Gl n, i,
//G2 n, M, )Ny —x//Ggmnmn)nm—i— (4.61)

(7 Opgli )| Bpylin,)
2 g 9
agozg/o [ I + 5 "

Ymg+

32

and

//G4(m,n,fn,ﬁ)nm—x/ / Ga(m,n,m,n)n+
0 0 0 0 _ _ _ (462)

2 - /1[8pq(m ﬁ)m—i- apq(m n)

a al 8m

arf'(m / m — a f'(m / m.

Differentiating (4.61) and (4.62) with respect to x, respectively, we have

x 1 Yy
Kgltgle :/ G1(m,n, m,n)my —/ G1(m,n,m,
0 o Jo

n| —a:ax

:z

)mx+

x 1 Yy
/ Ga(m,n, m,n)n, — / Ga(m,n, m,n)n,+ (4.63)
0 o Jo

and

x 1 Y
/ Ga(m,n,m,n)n, —/ Ga(m,n, m,n)n,+ (4.64)
0 o Jo
_Opg(m,n) Opg(m,n) _
a?]al[ q&m m qa |+ ayf'(m)m

It is easy to verify that
|Gi(m,n,m,n)| < C(lm —m| + |n—al) = C(Im| +[n]) (4.65)
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for i = 1,2, 3,4, under the assumption (4.58). Then (4.63) and (4.64) combined with (4.65) deduce
(4.60); and (4.60)2. From (3.56)3 and (3.56)4, we get (4.60)3 and (4.60)4. O

Lemma 4.3. Under the assumptions of Proposition 4.1, it holds that
t
/(mi +n3) +/ /(mi +n2) <e (4.66)
I 0 JI

for a.e. t € [0,T], provided that /(m%x +n2,) < eo, where g9 and &1 (e0 < £1) are independent
I
of t and T.

Proof. Note that m, = m,. We differentiate (3.57)2 with respect to « and get

Myt + M(U) ez = —Mazty — 2 (u)) e — M(U)) gz - (4.67)

Multiplying (4.67) by 9pe (M) _pu_py  and integrating by parts over I, we have

om ’ﬁldl

d [ Opy(im, ) e m2+/wﬁmm(ul)m
dt J; om  2ma I om  a (4.68)
_3/Mim2(uz) —/Mimm ) |
; Om 2ma VY ) Om ma .
Similarly, we have
I g ! !
(4.69)

_ 3 / Opg(Ms 1) Mg o,y / 0Pg (s 1) By o (i)
T on  2na, I _

On the other hand, we multiply (3.57)3 and (3.57)4 by W%”z and W%mx respec-

tively, and have

Ipg (1, 1) pg
S oo,
:Lpg(m, n) éGl (m, n, ’fh, ﬁ)mxnx + 8pg (m, n) éGQ (ma n, ﬁl, f”)n?v (470)
on o, on o
Ipg(m, 1) Ipg(m,n) — Opg(m,n)
219Pg\M, g\m, g (1N,
tag [ om Me + on ] on N
and
apg(ma 'ﬁ,) Hi
om dl [ul]wwmw
el A) 1y i, iy 4+ PR L g i g (4.71)
om g om
Ipg(m, n) Opg(m, 1) Opg(mh, ) Ipg(m,7) .,
219Pg g g g / 2
+ ag[ om Me + on e om e om Fimym;
(4.70) and (4.71) implies that
Opg(i ) Dpgli,) \Dpg(in,7)
2190g g g
ol om + on ] on @
_Opg (M) g = D00 L )
on o, on o, (4.72)
8pg(m7ﬁ’)i Q(m n.m 'fI,)TLQ ’
(’“)n a~g s 1y ) T

Ipg(1m, 1) pg
< P9\ Y
— on a~g [u!]] x x
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and
Opg i)  Opy(,7)  Dpgiu i) Opylinyii)
219Pg g g opg\m,n) ., 2
9 [ om Mo + on na] om Mo + om Fmm;
:8pg(m,n) &[W]mmm _ Opg(m, 1) é s(m, n, 1, )m2—
om (a7} om (6%} (4 73)
Opg (s 1) 1 v 0, )
om  q
dpg(1m, 1) 2 2\l o |
<L 2 L
= om . [ul]zwmm + C(mz + nx)(|m| + |7’L|),

where we have used Cauchy inequality and (4.65). Summing (4.72) and (4.73) on both sides, we
have
Opg(m,n) Opg(m,n) Opg(m,n) ,,, .
219Pg(MM, AL 2 g, 2
dpg(m, 1) p dpg(m, 1) .
Sgainoi[ug]mnw + gaTaTl[ul]mmm +C(m2 +n2)(|m| + |a)).

Summing (4.68) and (4.69) results in

) Opg (P, 7) pu
dt J; om  2maq
/3pg(ﬁl,ﬁ) Hg
I

on ag (i) (4.75)
_ 8pg (’ﬁl, ﬁ) Hi m2(u 8/)9 (Th, ﬁ) Hg n2(u _ '
—-3 [ [2emt) (u, + L) o)

om  2ma; ° on 2nd, °

Ipg(m,n) pu _ Ipg(m, 1) pg _
/I[ . mdlmmm(ul)m—i— 5 ﬁdgnnm(ug)m .

(4.74)

Ipg(m,n) pg o
om q

7 _n
on 2nd,

/ Ipg (M, 71)
I

Substituting (4.60) to (4.75), we have
d {apgw i)
. ~

Opy (1, 71) g nﬂ L

/ Ipg (M, 71)
I

dt om  2maq on  2nd, " om  q
/ M@m(%)m
I on o,
<Cpull(w)a o~ / 2 + g | (g | / n2+ (4.76)
I I

Cpullml| / (m2 + ()2,) + Cpag ]| / (n2 + (u,)2,)
<C(Imll~ + 7l o= )lImallzs + mallz: + 1) / (m2 +n2).

Integrating (4.74) with respect to  over I, and adding the result to (4.76), we get

d Ipg(m, ) ju 5 Opg(m, i) pg o 2/ dpg(m, ) Ipg(m, i) .,
at 1[ om  2ma; an 2na, | T T et g, el

dpg(m,n - _ _
O ) [ < ol + il (malos + s +1) [ o+ 02)
1 1

Then there exist positive constants A; for i = 0,1,2,3,4,5,6 such that

%/(Aomi +A17’L§) +;12/(213mz +A4TL1-)2 +A5/mi

! ! ! (4.77)

< Ag(llmllze + 7l ) (Ima [ 21 + [0l + 1)/ (Aom3 + Aing) .
I
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Note that here we make use of the assumption (1.10) which guarantees that As > 0. See also
Remark 4.4. Then, in view of the basic inequality a? +b? < 2(a+b)? + 3b? there exists a positive
constant A such that

D Ggm? + Ain2) + 4y / (Aom? + Ain?)
I

w (4.78)
< Ag(llmlle + 12l o) (Ima o + e/l + 1)/} (Aom3 + Ain3) .
By the Poincaré inequality, we have
[l Lo < Cllmy]| e (4.79)
and
[l < Clnall L1 (4.80)

(4.78) combined with (4.79) and (4.80) turns out that there exists a positive constant Ag such
that

I I

< As(lmallps + lIns [l ) (Imall e + Inellzr + 1)/ (Aom3 + Ain3) (4.81)
1

< A [/l (dgm + Aun2)] 1/2([/1 (Aom? + Ain2)] " 1) /l (Aom2 + A1) |

where Ag is redefined in the transition from the second to the third line. (4.81) corresponds to an
ODI of the form

d ) )
Z9T9=ViVg+1)g, >0, g~ /I(Aomi + Ain2).

Together with standard continuity arguments this ODI implies that there exist positive constants

g0 and &1 (g9 < €1) depending only on Ay, A, A7 and Ag such that if /(mgw +nZ,) < €o, then
I

/(mi +n2) <e; and
I

d - _ A _ _
< /l (Aom? + Aym2) + 2 /l (Agm? + Ayn2) <0 (4.82)

for a.e. t € [0,77.
]

Remark 4.4. For an equal-pressure two-fluid model P, = Py and f(m) = 0. Consequently, the
7As term” in (4.77) disappears and it seems that we cannot obtain the crucial ODI (4.78) that
enforces stability.

Lemma 4.5. Under the assumptions of Proposition 4.1, it holds that

Ny <n< Ny and m < M, (4.83)
for all (z,t) € I x [0,T].
Proof. (4.79) and (4.80) give
m < m + C|mgl (4.84)
and
n—Clngllpr <n <n+C|nglr:. (4.85)

Since we have M7 > m and Ny < 2 < N, and (4.82) implies that ;1 can be taken sufficiently
small if g¢ is small, thus we let £y small enough, such that (4.83) can be concluded by (4.84) and
(4.85). O
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By this, the proof of Proposition 4.1 is complete. By Proposition 4.1 and the standard continuity
arguments, we get (4.58) for all (z,t) € I x [0,7*) as well as the conclusions in Lemmas 4.2 and
(4.3) for a.e. (z,t) € I x [0,7%). These imply that T* = co. Thus, we finish the proof of global
existence. The uniqueness can be done by using arguments similar to those used in Step 4 of
Section 2.

Now we are in a position to prove the time-decay rate (1.13). More precisely, we have

Lemma 4.6. Under the conditions of Theorem 1.1, for a.e. t € [0,00), it holds that

/(mi +n?2) < Cexp{-Ct}, (4.86)
I

where C depends on Ay, A1 and Ay but is independent of t and T .
Proof. (4.86) can be obtained easily by using (4.82) since the ODI % 4+ Ag < 0 implies that

(eMg) <0. O
Lemma 4.7. Under the conditions of Theorem 1.1, for a.e. t € [0,00), it holds that
/ (m? +7?) < Cexp{—Ct}, (4.87)
I

where C depends on Ag, Ay and Ay but is independent of t and T.

Proof. Using Poincaré inequality, we have

/(m2 +7?%) < /(mi +n2). (4.88)

(4.88) and (4.86) give us the (4.8;). I O

Lemma 4.8. Under the conditions of Theorem 1.1, for a.e. t € [0,00), it holds that
(w1, ug) |32 < Cexp{~Ct} (4.89)

where C depends on Ay, A1 and A7 but is independent of t and T .

Proof. (4.89) can be obtained by using (4.60)s, (4.60)4, and (4.86). O
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