GLOBAL WEAK SOLUTIONS FOR A COMPRESSIBLE GAS-LIQUID
MODEL WITH WELL-FORMATION INTERACTION

STEINAR EVJE

ABSTRACT. The objective of this work is to explore a compressible gas-liquid model designed for
modeling of well flow processes. We build into the model well-reservoir interaction by allowing
flow of gas between well and formation (surrounding reservoir). Inflow of gas and subsequent
expansion of gas as it ascends towards the top of the well (a so-called gas kick) represents a major
concern for various well operations in the context of petroleum engineering. We obtain a global
existence result under suitable assumptions on the regularity of initial data and the rate function
that controls the flow of gas between well and formation. Uniqueness is also obtained by imposing
more regularity on the initial data. The key estimates are to obtain appropriate lower and upper
bounds on the gas and liquid masses. For that purpose we introduce a transformed version of
the original model that is highly convenient for analysis of the original model. In particular, in
the analysis of the transformed model additional terms, representing well-formation interaction,
can be treated by natural extensions of arguments that previously have been employed for the
single-phase Navier-Stokes model. The analysis ensures that transition to single-phase regions
do not appear when the initial state is a true gas-liquid mixture.

Subject classification. 76T10, 76N10, 65M12, 35L60
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1. INTRODUCTION

Many well operations in the context of petroleum engineering involve gas-liquid flow in a well-
bore where there is some interaction with the surrounding reservoir. For an example of such a
model in the context of single-phase flow we refer to [7, 8] and references therein. In this paper we
consider a two-phase gas-liquid model with inclusion of well-reservoir interaction. For instance,
gas-kick refers to a situation where gas flows into the well from the formation at some regions along
the wellbore. As this gas ascends in the well it will typically experience a lower pressure. This
leads to decompression of the gas, which in turn, potentially can provoke blow-out like scenarios.
In particular, equipment can be placed along the wellbore that allow for some kind of control on
the flow between well and formation. In this work we focus on a gas-liquid model where gas is
allowed to flow between well and formation governed by a given flow rate function A(z,t).

The dynamics of the two-phase well flow is supposed to be dictated by a compressible gas-liquid
model of the drift-flux type. More precisely, it takes the following form

Otlagpg] + Oxlagpgug] = lagpg Az, t)
Otlaupt] + Oz[aupru] =0 (1)
Otlarprur + agpgug + O [agpgu3 + alplul2 + P] = —q + 0z[€02Umiz)s  Umiz = Qgug + aquy,

where ¢ > 0. This formulation allows us to study transient flows in a well together with a
possible flow of gas between well and surrounding reservoir represented by the rate term A(z,t).
The model is supposed under isothermal conditions. The unknowns are p;, pgy the liquid and gas
densities, ag, a4 volume fractions of liquid and gas satisfying oy + oy = 1, w;, uy velocities of
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liquid and gas, P common pressure for liquid and gas, and ¢ representing external forces like
gravity and friction. Since the momentum is given only for the mixture, we need an additional
closure law, a so-called hydrodynamical closure law, which connects the two phase fluid velocities.
More generally, this law should be able to take into account the different flow regimes. For more
general information concerning two-phase flow dynamics we refer to [5, 4, 16], whereas we refer to
[6, 13] and references therein for more information concerning numerical methods and some basic
mathematical properties of the model (1).
In this work we consider the special case where a no-slip condition is assumed, i.e.,

Ug = U = U. (2)

In previous works [10, 11, 24, 25] a simplified version of the mixture momentum equation of (1)
has been used given by

Oleupiw] + Oz [cuprui + pl = —q + 02[e0utmiz],  Umiz = aguy + oquy, (3)

where certain gas related terms have been ignored. In the present work we deal with the full mo-
mentum equation of (1), however, still under the assumption of equal fluid velocity (2). Assuming
a polytropic gas law relation p = Cp) with v > 1 and incompressible liquid p; = Const we get a
pressure law of the form

P(n,m)zC( “ )W, (4)

pr—m
where we use the notation n = ayp, and m = aqp;. In particular, we see that pressure becomes
singular at transition to pure liquid phase, i.e., oy = 1 and ay = 0, which yields m = p; and n = 0.
Another possibility is that the gas density p, vanishes which implies vacuum, i.e., p = 0. In order
to treat this difficulty we shall consider (1) in a free boundary problem setting where the masses
m and n initially occupy only a finite interval [a,b] C R. That is,

n(z,0) = ng(x) > 0, m(z,0) = mo(z) > 0, u(z,0) = uo(z), x € [a, b,

and ng = mg = 0 outside [a,b]. The viscosity coefficient ¢ is assumed to be a functional of the
masses m and n, i.e. € = e(n,m). More precisely, we assume that

(n+m)”
(o1 — m)ﬁ+17

for a constant D, which is a natural generalization of the viscosity coefficient that was used in
[10, 24] to the case where we consider the full momentum equation. We refer to [12] for more
information concerning the choice of the viscosity coefficient.

Introducing the total mass p = n + m and rewriting the model (1) in terms of Lagrangian
variables, the free boundaries are converted into fixed and we get a model of the form

on + (np)d,u = nA

e(n,m) =D 5 e (0,1/3), (5)

O+ 0, P(n, p) = —u%A + 0.(e(n, p)pOzu), z € (0,1),

with pressure law
Pn.p) = (———) 7)
’ p—Ilp—n]/ "’
and viscosity coefficient

c(n,p) = — 5e0.1)3) ®)
)= o P 179

where we have set the constant C, D to be one for simplicity, whereas boundary conditions are
P(n,p) =e(n, p)puy, atx=0,1, t>0, (9)
and initial conditions are

n(z,0) =no(z), p(z,0)=po(z), wulz,0)=uo(z), z € [0,1]. (10)
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The main novelty of this work compared to the previous recent works [10, 11, 24, 25] on the model
(1) is as follows:

e We include the full momentum equation of (1) in contrast to the simplified one given by
(2);
e We include well-reservoir interaction in the sense that gas can flow between the well and
reservoir. As a consequence, new terms appear in the continuity and momentum equations,
see (6).
We obtain an existence result (Theorem 2.1) for the model (6)—(10) for a class of weak solutions
under suitable regularity conditions on the initial data ng, mg, and ug and the well-formation rate
function A(z,t). The key point leading to this result is the possibility to obtain sufficient pointwise
control on the gas mass n and liquid mass m, upper as well as lower limits. More precisely, by
assuming initially that the gas and liquid mass n and m do not disappear or blow up on [0, 1],
that is,

C! <n(z,0)<C, 0<p<m(z,0)<p —p<p,

for a suitable constant C' > 0 and g > 0, then the same will be true for the masses n and m for
all t € [0, 7] for any specified time T > 0. This nice feature allows us to obtain various estimates
which ensure convergence to a class of weak solutions. By imposing more regularity on the fluid
velocity we also derive a uniqueness result (Theorem 5.1) in a corresponding smaller class of weak
solutions. A main tool in this analysis is the introduction of a suitable variable transformation
allowing for application of ideas and techniques similar to those used in [21, 18, 19, 23, 22, 17]
in previous studies of the single-phase Navier-Stokes equations. In this sense the approach of
this work follows along the same line as [10, 11, 24]. However, in the current work the variable
transformation must also account for the fact that the full momentum equation is used as well as
ensure that the new terms representing well-formation interaction can be properly handled.

We end this section by a brief review of more recent works on models similar to (1). In [12] we
explore existence of global weak solutions for a version of (1) where a physical relevant friction
term has been added together with a general pressure law. Furthermore, the model has also
been studied in Eulerian coordinates with a simplified momentum equation similar to (3) and
constant viscosity coefficient [9]. Existence of global weak solutions was obtained under suitable
assumptions on initial data. For a similar result where the model is studied in a 2D setting we
refer to [26]. The drift-flux model has also been studied in the context of flow in networks [3].
Finally, we also would like to mention some works on a related multicomponent gas model without
viscosity term where discrete algorithms are used to rigorously demonstrate convergence towards
a weak solution [14, 15]. A similar type of model with focus on phase transition is studied in [1, 2].
In particular, global existence of weak solutions is shown as well as convergence towards a reduced
model.

The rest of this paper is organized as follows. In Section 2 we derive the Lagrangian form of
the model (1) and state precisely the main theorem and its assumptions. In Section 3 we describe
a priori estimates for an auxiliary model obtained from (6) by using an appropriate variable
transformation. In Section 4 we consider approximate solutions to (6) obtained by regularizing
initial data. By means of the estimates of Section 3, we get a number of estimates for the
approximate solutions of Section 4 which imply compactness. Convergence to a weak solution
then follows by standard arguments. Finally, in Section 5 we present a uniqueness result for an
appropriate (smaller) class of weak solutions.

2. A GLOBAL EXISTENCE RESULT

We focus on the case where the liquid is assumed to be incompressible which implies that we
use the pressure law (4). We refer to the works [10, 11] for more details. Moreover, we neglect
external force terms (friction and gravity). We then rewrite the model slightly by adding the two
continuity equations and introducing the total mass p given by

p=n+m. (11)
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Hence, we consider the compressible gas-incompressible liquid two-phase model written in the
following form:

On + Oz [nu] =nA
Opp + Oz [pu] = nA (12)
B:lpu] + 0z [pu] + 8. P(n, p) = Dule(n, p)yul.
with A = A(x,t). Note that this system also takes the form
On + Oz [nu] =nA
Orp + Ox[pu] = nA, (13)
w(Opp + Oz [pu]) + p(Oru + udyu) + 0, P(n, p) = O:le(n, p)Oyul,
which corresponds to
(On + udyn) + ndyu = nA
(Orp + udyp) + pOzu = A, (14)
p(Opu + udyu) + 0y P(n, p) = —unA + 0;le(n, p)Ozul.

Here
P(n,p) = (pzim>7: (plf[zfn])w’ v>1, (15)
n+m)P <
“(rsp) = o = G <01 (16)

2.1. Main idea. The idea of this paper is to study the model (12)—(16) in a setting where sufficient
pointwise control on the masses p and n can be ensured. Motivated by previous studies of the
single-phase Navier-Stokes model [21, 18, 19, 23, 22, 17], we propose to study (12) in a free-
boundary setting where the total mass p and gas mass n are of compact support initially and
connect to the vacuum regions (where n = p = 0) discontinuously. More precisely, we shall study
the Cauchy problem (12) with initial data

(10, po, pouo) T € [a,b],
n, p, z,0) = .
(n, p, pu) (@, 0) {(0,0,0) otherwise,

where minge(q,5) 70 > 0, minge(q,5) po > 0, and no(z), po(x) are in H'. In other words, we study the
two-phase model in a setting where an initial true two-phase mixture region (a,b) is surrounded
by vacuums states n = p = 0 on both sides. Letting a(t) and b(t) denote the particle paths
initiating from (a,0) and (b,0), respectively, in the x-t coordinate system, these paths represent
free boundaries, i.e., the interface of the gas-liquid mixture and the vacuum. These are determined
by the equations

d d
Sa(t) = ula(t),0), L) = u(b(t). ),

(=P(n,p) +e(n, p)us) (a(t)",1) =0, (=P(n,p) +e(n, p)ua) (b(t)™,) = 0.

) =
We introduce a new set of variables (£, 7) by using the coordinate transformation

¢ = / Hdy, =t (18)

(17)

Thus, £ represents a convenient rescaling of x. In particular, the free boundaries © = a(t) and
2 = b(t), in terms of the new variables £ and 7, take the form

- b(t)
a(t) =0, b(r) = / p(y,t) dy = const (by assumption), (19)
a(t)

where f po(y) dy is the total liquid mass initially, which we normalize to 1. In other words, the
interval [a, ] in the z-t system appears as the interval [0, 1] in the &7 system.
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Remark 2.1. Note that we implicitly in (19) use the assumption

b(t)
[ gy =o.
a(t)

This puts a constrain on the well-formation interaction. In particular, it implies that if there is
inflow of gas in one region along the well (A > 0), then there must be outflow in another region
(A > 0) such that the total mass p is conserved.

Next, we rewrite the model itself (12) in the new variables (¢, 7). First, in view of the particle
paths X, (z) given by
dX,(x)
dr
the system (14) now takes the form

=u(X,(x),7), Xo(z) = =z,

a nu, = nA(z,T)

dr
% + pu, = nA(z,T)
du
po- + P, p)e = —und(z,7) + (e(n, p)ua)s-

Applying (18) to shift from (z,¢) to (£, 7) we get
ny + (np)ug = nA(z(&,7),7)
pr+ (p*)ug = nA(w(€,7),7)
n
Ur + P(n7p)§ = _u;A(I(Sa T)vT) + (s(n,p)pu§)5, g € (07 1)7 T Z 07
where z(§,7) = a(7) + fOE p~ Yy, 7)dy for £ € [0, 1] and with boundary conditions, in view of (17),
given by
P(n,p) =e(n, p)pue, at £=0,1, 72>0.
In addition, we have the initial data
n(é-ao) :no(g)a P(§>O) :p0(€)7 U(€70) :U0(€)7 5 € [07 1]
In the following we replace the coordinates (£, 7) by (z,¢) such that the model now takes the form
on + (np)Oyu = nA(z,t)
Oip + p?Opu = nA(z, t) (20)
Byu+ 0, P(n, p) = —U%A(x, t) + 0 (E(n, p)dyu),  x € (0,1),

with
Pinp) = (——),  4>1 (21)
’ pr—1lp—n]/ " 7
and
E(n, p) P T 0<p<1y3 (22)
o= () .
pr—[p—n]
Moreover, boundary conditions are given by
P(n,p) = E(n, p)uy, atx=0,1, t>0, (23)

whereas initial data are
n(x,0) = no(z), p(z,0)=po(z), u(z,0)=ug(x), z € 0,1]. (24)

We observe that the model problem (20)—(24) coincides with the model (6)—(10) stated in the
introduction part. We shall in the following assume that the external controlled flow rate function
A(z,t) satisfies some estimates, essentially, that it is bounded and its spatial derivative is in L2.
This is precisely stated below.
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2.2. Main result. Before we state the main result for the model (20)-(24), we describe the
notation we apply throughout the paper. W12(I) = H!(I) represents the usual Sobolev space
defined over I = (0,1) with norm || - [|yy1.2. Moreover, LP(K, B) with norm |- ||z»(x, 5y denotes the
space of all strongly measurable, pth-power integrable functions from K to B where K typically
is subset of R and B is a Banach space. In addition, let C*[0,1] for a € (0,1) denote the Banach
space of functions on [0, 1] which are uniformly Hoélder continuous with exponent «. Similarly, let
C**/2(Dy) represent the Banach space of functions on Dy = [0,1] x [0, 7] which are uniformly
Hélder continuous with exponent «v in z and «/2 in .

Theorem 2.1 (Main Result). Assume that v > 1 and § € (0,1/3) respectively in (21) and (22),
and that the initial data (ng, mo,ug) satisfy
(i) infjo,1yn0 >0, sup[g,1) o < 00, infjp1ymo >0, and supy ymo < pi;
(ll) ng, Mo € W1’2(I);
(iii) wo € L?4(I), for g € N.

As a consequence, the function ¢y = nozomo satisfies that
inf cg > 0, supcy < 1, co € WH(I). (25)
[0,1] [0,1]
Moreover, the function Qg = % satisfies that
[ion1f] Qo >0, sup Qo < oo, Qo € WHA(I). (26)
’ [071]

In addition, the well-formation flow rate function A(z,t) is assumed to satisfy for all times t > 0
(iv) sup,cpoqy [A(z, )] < M < oo;
(V) A(7t) € W172(I);
(vi) A(0,t) =0.

Then the initial-boundary problem (20)—(24) possesses a global weak solution (n, p,u) in the sense
that for any T > 0, the following holds:

(A) We have the following estimates:
n,p € L=([0, T, WH(I)),  ne,pe € L2([0,T], L*(1)),
w e L®([0,T], L*(1)) N L*([0,T), H' (I)).

More precisely, we have V(z,t) € [0,1] x [0,T] that

0< inf c(z,t), sup c(z,t) < 1, c:=—, (27)
z€[0,1] z€(0,1] P
. pL— 1
0<p inf (¢) <n(z,t)<|(———=) sup (¢,
16[0,1]( ) (1) <1 — SUPge0,1) (C)> ze[o,l]( )

O<p<p< P =B
1 —sup,¢po,q7(€)

for a non-negative constant = p(||collwr2(n), ||Q€||W1,2(1), lAllwr2 1), luoll 2w 1y
inf o,1] co, SUP[o, 1) o, inf[o,1] Qo,sup 1) Qo, M, T') > 0.

(B) Moreover, the following equations hold,
n 4 npuy =nA,  pi+ pPuy = nA,
(n, p)(x,0) = (no(z), po(x)), for a.e. z €(0,1) and anyt >0,

/0°° /01 [u¢t + (P(n, p) — E(n, p)ux>¢x — u%Agb] dx dt + /01 uo(2)é(x,0) dz =0

for any test function ¢(x,t) € C§° (D), with D := {(z,t)|0 <z <1, t > 0}.

(28)
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The proof of Theorem 2.1 is based on a priori estimates for the approximate solutions of (20)—
(24) and a corresponding limit procedure. In particular, it is possible to obtain pointwise upper
and lower limits for p that allows us to control the quantities fol(pgg)2 dz and fol (nz)? dz, see
Corollary 3.3. A main idea in the analysis is to employ the quantity Q(n,p) = p/(p1 — [p — n)]),
which connects pressure P(n, p) and viscosity coefficient E(n, p), and reformulate the model (20)
in terms of the variables (¢, @, u) where ¢ = n/p. Together with higher order regularity of v and
(Q?),, and energy-conservation obtained by adopting techniques used in [21, 18, 19, 23, 22, 17]
for single-phase Navier-Stokes equations, pointwise upper and lower limits for Q(n,p) can be
derived. This, in turn, gives the required boundedness on p from below and above together with
the L? estimate of n, and p,. Armed with these estimates we can rely on standard compactness
arguments to prove Theorem 2.1. This is done in Section 4.

Special challenges we have to deal with in this work, compared to the previous two-phase works
[10, 11, 24, 25] where a similar approach was employed, are:

e The variable ¢ = ¢(z,t) becomes time-dependent as a consequence of the well-formation
interaction. This makes some of the estimates more involved, e.g. manifested by the
appearance of Lemma 3.2, which does not appear in [10, 11, 24, 25].

e The result of Lemma 3.3 requires a certain regularity on the flow rate function A(x,t).

e The proof of Lemma 3.4 must be extended by new arguments (compared to e.g. [10]) in
order to treat new terms representing the well-formation effects.

3. ESTIMATES

Below we derive a priori estimates for (n, p,u) which are assumed to be a smooth solution of
(20)—(24). We then construct the approximate solutions of (20) in Section 4 by mollifying the
initial data ng, pg, ug and obtain global existence by taking the limit.

More precisely, similar to [17, 10] we first assume that (n, p,u) is a solution of (20)—(24) on
[0, T satisfying

T Nty Mgy Mgy P Py Pty Pray Uy Uy, Ui, Ugy € Ca’a/2(DT) for some o € (051)7 (29)
n(z,t) >0, p(x,t) >0, [p —n](z,t) < p on Dp =10,1] x [0,T].

In the following we will frequently take advantage of the fact that the model (20) can be rewritten
in a form more amenable for deriving various useful estimates. We first describe this reformulation,
and then present a number of a priori estimates.

3.1. A reformulation of the model (20). We introduce the variable

n
c=—, 30
P (30)

and see that (20) corresponds to
pdsc + cdip + [cp?|0zu = [cp] A
Oip + p?0pu = [cp]A
Oru + 0, P(c, p) = —ucA + 0, (E(c, p)Ozu),
that is,
pdic + c[cp]A = [eplA
Op + p*0pu = [cp] A
Owu+ 0, P(c, p) = —ucA + 0, (E(e, p)Oyu),
which, in turn can be reformulated as
Ore = c(1 — ¢)A = ckA, k=k(x,t):=1—c(x,t),
Oip 4 p?0pu = cpA (31)
Ou+ 0, P(c, p) = —ucA + 0 (E(c, p)Oyu),
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with
Plep)=c(—L—),  ket=1-c@t) v>1, (32)
pr = k(z,t)p
and
E(c, p) ( P )M 0<B<1/3 (33)
c,p)=|——7—— , .
P pr— k(z,t)p
Moreover, boundary conditions are given by
P(c,p) = E(c, p)ug, at x=0,1, t>0, (34)
whereas initial data are
c(z,0) =co(z), p(x,0) =po(z), u(z,0)=mup(x), x €10,1]. (35)

Corollary 3.1. Under the assumptions of Theorem 2.1, it follows that for a given time T > 0

0< inf ¢(z,t), sup c¢(z,t) < 1. (36)
z€[0,1] z€]0,1]

Proof. Note that from (31) we have
et = (1 —c)A(z,t),

which corresponds to

ie.

Gle) = Az, t),  Gle) = 10g<1 - C).

This implies that

ez, t) co(x) /t
= A ds).
1—c(z,t) 1—co(x) exp( 0 (z,5) S)

Note also that the inverse of h(c) = ¢/(1—c¢) is h=1(d) = d/(1+d), such that h=1 : [0, 00) — [0, 1)

and is one-to-one. Consequently,

c(x,t) = h_l(lcoijgx) exp(/ot Az, s) ds)), (37)

and 0 < ¢(z,t) < 1 for ¢o(x) € (0,1). In particular, we see that if

0 < inf ¢o(), sup co(z) < 1, sup |[A(z,t)| < M, (38)
[0.1] [0,1] [0,1]

which follows from the assumptions on ng, mg, and A given in Theorem 2.1, the conclusion (36)
holds. (]

In order to obtain the a priori estimates it will be convenient to introduce a new reformulation
of the model (31)—(35). This reformulation allows us to deal with the potential singular behavior
associated with the pressure law (32) and viscosity coefficient (33). A similar approach was used
in [10, 11, 24]. However, compared to those works we now also have to take into account additional
terms due to the well-formation interaction and the fact that a full momentum equation is used
in the model. For that purpose, we introduce the variable

p
k)= ——F——, 39
Qok) = (39)

and observe that

nQ 1 1 k
= B - = —= + I 40
PTITRQ P pQ  p (40)




WEAK SOLUTIONS FOR A GAS-LIQUID MODEL WITH WELL-FORMATION INTERACTION 9

Consequently, we get

Q(p, k) = Qupt + Quke
2

:(1 L PE )pt+(p7kt

pr—kp (o —kp)? pi— kp)?
2
pi p
= + k
(o — k)2 " (o —kp)2 ™
2
= (pl—pilkp)Q[CpA — p*ug) + (mfwkt (using second equation of (31))
pLepA pp’ 2
= - Uy + Q%k
(1= kp)*> (o= kp)? Ok
cp?A
= % - PlQZUz - Q%
1 k 2 2 2 . .
= pmA(pl—Q + E)Q —pQ7uy — Q°ckA (using (40) and first equation of (31))

= cA(Q+4Q?) — pQu, — Q2ckA
= cAQ + cAkQ? — p;Q%u, — Q*ckA

— ¢AQ — pQ%u,.
Thus, we may rewrite the model (31) in the following form
Oic = kcA
8:Q + pQ%uy = cAQ (41)
Opu+ 0, P(c, Q) = —ucA + 0, (E(Q)d,u),
with
Pe,Q)=cQ(p, k), v>1, (42)
and
E@Q) =Q(p, k)", 0<p<1/3. (43)
This model is then subject to the boundary conditions
P(c,Q) = E(Q)uy, at x=0,1, ¢t>0. (44)
In addition, we have the initial data
o(2,0) = co(x), Q,0) = Qo(x), u(,0)=uo(x),  ==I[0,1]. (45)

Note that there is a fine tuned balance which leads to the transformed model (41). In particular,
the cancelation of the term ckQ?A appearing in the equation for ) and shown in the above
calculation, seems to be crucial for the energy estimate. Note also the new term in the momentum
equation accounting for the change in fluid velocity due to inflow/outflow.

3.2. A priori estimates. Now we derive a priori estimates for (¢, @, u) by making use of the
reformulated model (41)—(45).

Lemma 3.1 (Energy estimate). We have the basic energy estimate

/01 (3 + %> (@, 1) dw + /Ot /01 QUp, k) (uy)? dar ds < € (46)

where C1 = Cy(supyg 1) Qo, [[uoll 21y, lcoll L~ (1), M). Moreover,

Qp, k) (x,t) < Cay  V(x,t) €[0,1] x 0,77, (47)
where Cz = Ca(supyg 1) Qo, ||uollL2(1), lcoll~ (1), M, T). Moreover, for any positive integer g,
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1 t ol
/ u?(z,t) do + q(2q — 1)/ / u?172Q(p, k)P (uy)? dax dt < Cs, (48)
0 0o Jo
where 03 = CB(HUOHLZ‘I(I)a T7 q, CQ, M)
Proof. We consider the proof in three steps.

Estimate (46): We multiply the third equation of (41) by u and integrate over [0, 1] in space.
We apply the boundary condition (44) and the equation

C’Y
pi(y—1)

obtained from the second equation of (41) by multiplying with ¢?QY~2. This equation also corre-
sponds to

1
(@ e+ Quy =~ QT4 (49)
Pl

1 Q! 1
———(Q") = ——— (") + T QMuy = — QT A, 50
pz(’Y*l)( I pz(vfl)( Jet'Q pL @ (50)
which in turn can be rewritten as
oYy, - T v lapA L P e 51
Pl(’Y - 1) (C Q )t 1 (")/ — 1) Q c + (C, Q)uw D1 c Q ) ( )

where we have used the first equation of (41). Then, we get

d /1 YOv-1 Lyevor—1 1

7/ (7u2+L) dm—/ 29T ) dm+/ u?[cA] dz

dt Jo \2 pu(y—1) o aly—1) 0

+ [ EQ)(uy)?dr = —/ AT Ade = —/ Q" eA] da.
0 pLJo PrJo

Using that |kA(x,t)|,|cA(z,t)] < M, in view of the assumptions of Theorem 2.1 and the re-
sult of Corollary 3.1, application of Gronwall’s inequality, respectively, for the term fol u?[cA] dz,
fol Q' cA] dx, and fol AQVHkA] dx, gives (46).

Estimate (47): From the second equation of (41) we deduce the equation

L@+ 607, = Legia. (52)
Pl Pl
Integrating over [0, t], we get
t t
QP (x,t) = Q%(z,0) — ﬁpl/ QP uy, ds + ﬁ/ cQP Ads. (53)
0 0

Then, we integrate the third equation of (41) over [0, z] and get

/090 ut(y,t) dy + P(c, Q) — P(c(0,t),Q(0,1)) + (F(Q)u,)(0,t) + /Ox ucAdy = E(Q)u, = Qu,.

Using the boundary condition (44) and inserting the above relation into the right hand side of
(53), we get

Q" (x,t)

—Qﬁ(x,())6pl/0t(/0wut(y,t)dy+P(c,Q)Jr/oxucAdy) ds+/6’/0thﬁAds

x t 54
= Q"(x,0) —ﬁm/o (u(y,t) —uo(y))dy—ﬁpz/o P(c,Q)ds >4

t T t
fﬂpl/o /0 u[cA] dyderﬁ/O QP[cA] ds.
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Consequently, since P(c,Q) > 0 and |[cA| < M

1 1
Q%(x,1) < Q%(2,0) + By / lu(y, £)] dy + Bon / fuo ()] dy

t T t
+6le/0/0 |u\dyds+/6’M/O QP (x,s)ds

Applying Holder’s inequality and (46) we can bound fol |u| dy. Moreover, the term fg QP ds can
be handled by means of Gronwall’s inequality, and the upper bound (47) then follows.

Estimate (48): Multiplying the third equation of (41) by 2qu2?~!, integrating over [0, 1] x [0,1]
and integration by parts together with application of the boundary conditions (44), we get

1 t 1
/ W2 i+ 2(2q — 1) / / QUp, 1)+ ()22 d s
0 0 0

1 t 1 t 1
= / ug? da + 2q(2q — 1) / / AQ(p, k) uT 2y, dr ds — 2q/ / [cAJu®? dz ds.
0 0 Jo 0 Jo

For the second term on the right hand side of (55) we apply Cauchy’s inequality with &, ab <
(1/4€)a® + eb?, and get

t 1
//CVQ(p,k)'yuzq_Qumdmds
0 Jo
t 1 t 1
i/ / 027Q(p,k)27*ﬂ*1u2q*2d:rds—|—f—:/ / Q(p, k)P u?172 (u,)? dx ds

S— sup 27//ka:27’8 Ly2a= 2dxds—|—5//ka’ﬁ+1 242 (y,)? da ds.

de z€[0,1]

(55)

\ A

The last term clearly can be absorbed in the second term of the left-hand side of (55) by the choice
e = 1/2. Finally, let us see how we can bound the term fot fol u?12Q(p, k) "1~ dr ds. In view
of Young’s inequality ab < (1/p)aP + (1/r)b" where 1/p+1/r =1, we get for the choice p = ¢ and
r=q/(¢—1)

g—1 [t !
/ / 20-2Q(p, k) Pdrds < - / / ka(%’ 1= ﬁquder / / u? dx ds
o Jo

(2y—1-0B)q
-1
< C q / / 24 dy ds,
q
by using (47). To sum up, we get

1 t 1
/ u?tdz + q(2¢ — 1) / / Q(p, k)P (uy)?u?1=2 dx ds
0 0 Jo

027—1—5

1 t pl t pl
1 —1
S/ uqux+2q(2q—1)— sup(2v>{ 2 t+qq //u2¢1dxds]+2qM/ / w24 dz ds
0 0o Jo 0o Jo

4e vefo, q

1 t 1 t 1
:/ ug? dz + (2 — 1) sup (627)[0227_1_5254—((]—1)/ / qudxds} —|—2qM/ / u?? dx ds.

0 z€[0,1] 0 Jo 0 Jo
(56)

In view of Corollary 3.1, application of Gronwall’s inequality then allows us to handle the term
fg fol u?? dx ds appearing twice on the right hand side of (56). Hence, the estimate (48) follows. [J

The next lemma describes under which conditions c(x,t) is in W12(T).

Lemma 3.2 (Additional regularity). We have the estimate

/1(8;1;0)2 dx < Cy, (57)

0
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for a constant Cy = C4(M, ||collwr.2(ry, | Allwr2(r), T)-
Proof. We set w = ¢, and derive from the first equation of (41)
wy = w(l —c)A — cwA + ckA, = w(l — 2¢)A + ckA,.
Hence, multiplying by w and integrating over [0, 1] we get

1 1 1
/0<§w2)tdx:/o (1—20)Aw2dx+/0 ckA;wdz. (58)

Clearly, in view of the assumptions on the flow rate A and the bound on ¢ from Corollary 3.1, we
see that

1d 1 1
-—— w2dx=/ (1—26)Aw2da7—|—/ ckAzwdx
2dt Jo 0 0
1 1 /1 11
SM/ w2dx+f/ Aidm—&—f/ [ck]?w? dx
0 2.Jo 2Jo
1
S(MJrl)/ w? dx + C,
0

where we have used Cauchy’s inequality. We conclude, by Gronwall’s inequality, that
2
lleallz2(ry < Ca,

where 04 = C4(M, HC()||W1,2(1), HA||W12(I)7T) U

The following lemma was also employed in previous works [10, 24]. However, the fact that ¢ is
time dependent makes the result more involved, and we need the result of Lemma 3.2.

Lemma 3.3 (Additional regularity). We have the estimate

/0 1(51Qﬁ(p, k))? dz < Cs, (59)

fO’I“ a constant 05 = C5(||Q€||W1,2(I), ||CO||W1’2(I)7 ||UO||L2(I)7 Ch CQ, C4, M, T)

Proof. Using (52) in the third equation of (41) and integrating in time over [0,t] we arrive at

u(z,t) — up(z) —1—/0 0, P(c,Q)(x,s)ds = —/0 [cA]uds —|—/0 0:(E(Q)0zu) ds

¢ 1 1t (60)
— _ _ B _ B — B
/O[CA}uds o (0:Q" (x,t) — 0.Q (a:,O))+pl/0 92 ([cA]Q7) ds.
Multiplying (60) by Bp;(9,Q7) and integrating over [0,1] in z, we get
1 1 1 t
_ &
| 0072 e = [ 0,000 dr = [ 0.0 (=) + [ 0.Pc.Qas] ds
1 t 1 t
BY| _ il B
—l—ﬁpl/o (9,Q )[ /O[CA]udS—i—pl/O 92 ([cA]Q )ds} dx
(61)

< (/1(3162’3)2 d93>1/2<||5'ng||L2(1) + Bpil|u — uol[2(r) + ﬂpz”/t adeS’
0 0

L2(I)

+on| [ Teauas|,, 4] / ou(eAl@”as) )

= ab,
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where we have used Hélder’s inequality. Cauchy’s inequality ab < a?/2 + b?/2 then gives

1
/ (0,0%)2 do
0

1

1 1 t
5 [ 0% ot 5 (10:@8 o) + Bl — woll oy + B [ 0.2 s
0 0 L2(1

IN

w0l [ Tepas| -+ / 0,(cAIQ) ds (62

L2(I) L2(I)>
1

2

| /\

/(aQﬁ) dx+c+ﬁplT// 0, P)? dx ds

+6T// ([cA]Q)) dxderﬂplT// ([cAJu)? dx ds,

by using Holder’s inequality and (48) with ¢ = 1 and where C' = C(||Q€||Wl,2(1), luollz2(1y, C1)-

Moreover,
/Ot /01(535]3)2 drds = /t /1 QW(CV)m + CV(QV)m>2dxds

<2//QZW () dazds—l—// dxds)

(63)
( sup Q%// )2 dxds + 2( sup 027// (Q)2 dx ds
wEOl] z€(0,1]
§20227/ / (c”)idxds+2/ / (Q")2 dx ds,
o Jo 0o Jo
in view of estimate (47) and Corollary 3.1. Moreover,
~ 2 st opl
/ / (@) dads = <) / / Q*C=(Q").)* du ds
(64)
Y e [ fronras
and
t
//(c'y drds =+~ // A0V (¢,)? dads
(65)

<~%( sup ¢)?0~ 1)/ / V2 dxds < v*tCy,
z€[0,1]

in light of Corollary 3.1 and Lemma 3.2. Furthermore, due to the well-reservoir interaction we
must also estimate the following term

// ([cA]Q)) d:rds—// [cA] Q% + [cAl(Q"). ) dx ds
gz/o /0 ([cA}x)QQQ'deds—FQ/O /0 CAI2([Q%).)? dar ds
<202 /Ot/()l([cA]m)Qd:cds+2M2 /Ot /01([Q5]$)2da:d8

t 1
§C+2M2/ / ([Q°].)* dx ds,
0 JO
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where we have used that Corollary 3.1, Lemma 3.2, and the assumptions on A imply that [cA] €
W12(I). Moreover, for the last term on the right hand side of (62) we have

t el t o1
/ / ([cAJu)? dx ds < M2/ / u? drds < M*TCy. (67)
o Jo o Jo

In light of (63)—(67), we conclude from (62) that

1 t 1
By2 582
/0 (0.Q7) deC'JrC'/O /0 (0.Q7)° dx ds.

Thus, application of Gronwall’s inequality gives the estimate (59). O

The result of the next lemma is crucial. Again we follow along the idea of previous works
[17, 10, 24], however, the proof becomes more involved due to the appearance of additional well-
formation interaction terms.

Lemma 3.4 (Pointwise lower limit). Let 0 < 8 < 1/3. Then we have a pointwise lower limit on
Q(p, k) of the form

Q(p7 k)(l’,t) > Oﬁa V(I,t) € [07 1} X [O7T}7 (68)
where the constant CG = 06(02, 03, C5, inf[o’l] Qo, sup[o,l] Qo, T7 ||uol|Lz(I)7 ||COHL'7(I)).

Proof. We first define

v(z,t) = Q) V(t) = [O,rlr]liifat]v(x,s).

We calculate as follows:

T 1 1
v(z,t) —v(0,t) = / Ozvdr < / 10, Qv? da = %/ 0910, QP da
0 0 0

<L([erra) ([ e i)
0 0

(69)
< C’i/2 (/01 Udm)l/Z ((%i)](y(-’t))25+1)1/2
< Cih (/01 de)l/z (%i}]w(.7t))ﬂ+1/27

where we have used (59). Next, we focus on how to estimate fol vdzx. The starting point is the
observation that the second equation of (41) can be written as

vy — prug = —[cAv.

Integrating over [0, 1] x [0, ] we get
1 1 ¢ t el
/ v(x,t)de = / v(z,0)dz + py / [u(l,s) —u(0,s)] ds — / / [cA]v dz ds
0 0 0 o Jo
¢ t el
< (inf Qo)*1+2pl/ max|u(~,s)|ds+M/ / vdzx ds (70)
[0,1] 0 (0,1] 0 JO

t 1/2 t 1
S(infczo>—1+2mﬁ(/ ||u2<s>||Loou>ds) +M/ / vdz ds,
[0,1] 0 0o Jo
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where we have used Hélder’s inequality. In light of Sobolev’s inequality || f[|z )y < C||f|lw1.1(n)
it follows that the second last term of (70) can be estimated as follows:

t t
/ 12(5)]| o (1) ds < C / l(8) w1y ds
0

—C’//udmds—i—//I )o| dz ds)

< CtCy +2c/ / Q% ul|ug o™= ds ds (71)
0 0

t pl 12, rt 1 1/2
< Ct0y + 20( / / QU Pu2u? dz ds) ( / / V1P dx ds)
0 0 0 0
t 1 1/2
< CtCy + 2003 ( / / VP dx ds) :
0 0

where we have used (46) and (48) with ¢ = 2 and Hoélder’s inequality. Combining (70) and (71)
we get

/01 v(z,t)dz

L 1/2 t orl L 1/271/2 torl
< (inf Qo)™ +2pl\/i[0t01+2003 (/ / v“’dxds) } +M/ / vdz ds
(0,1] o Jo o Jo

t 1 1/4 t 1
§C+C(//v1+ﬂdxds) +M//vd:vds (72)
0o Jo 0o Jo
t 1 1/4 t 1
:C+C(/ / vmvl*ﬁdxds)/ —|—M/ / vdxds
0o Jo 0o Jo
t 1 1/4 t 1
gc+CV(t)25/4(/ / vl—ﬁdxds) +MV(t)ﬁ/ / o8 dz ds,
o Jo o Jo

where C' = C(inf[y 1) Qo, C1,T). Now we focus on estimating fg fol v'=# dx ds. For that purpose,
we note that the second equation of (41), by multiplying with Q%’l, can be written as

@y =p 5 0w - L e

Integrating this equation over [0,t] we get

B-1 B-1 1—8 (' s 1-38 [ B-1
Q7 (r,t)=Q 7 (x,0)+p Q7 uyds— —— [ [cA]Q=
2 Jo 2 Jo
Consequently, using the inequality (a + b)? < 2a? + 2b% we get

Q%1 (x,1) < 20°1(z,0) +4p$(1;ﬁ)2(/otQ"Zlum ds) +4(1 ;ﬁ) (/t[cA]Qﬁgl ds)2

<2Q°1(x,0) + p?t(1 — /Qﬁ+1u2d8+M2 /Qﬁ Lds,

by Holder’s inequality. Integrating over [0, 1] in space yields

1 1
/ v P dr = / Q" 'dx
0 0

1 1t 1t
1-8 2,01 _ 32 B+1, 2 2001 _ 32 B-1 73
< 2/0 v P (z,0) dx + pit(l — ) / /0 Q" uy dsdx + M<t(1 — () /0 /0 Q" tdsdx (73)

< C+ M*(1 // v P dx ds,
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with C' = C(inf|y 1) Qo, C1,T) where we have used (46). Thus, by Gronwall’s inequality we con-
clude that )
/ v =P dr < O( [ionlf] Qo,C1, M, T). (74)
0 ,
Consequently, (72) and (74) imply that

/1 v(z,t)de < C+ DIV 2+ V)’ ] < EL+ V()2 + V()7 (75)
0

for appropriate constants C', D and E that depend essentially on inf(g 1) Qo, M, T, Cy. Substituting
(75) into (69) we get
) 0100 < S ([ vae) " (aseion
v(x,t) —v(0,t) < —=— vdx max v+,
B N [0.1]
1/2
< (C5E)
5
< FL+ V)P + V()2 v ()PtH/2
< Fmax(CV (¢)3/28+1/2 3)
for F = F(Cs, E). Here we have used the inequality (14 7/% +27/2)28+1/2 < C2(3/2)8+1/2 which
holds for x > 1 and an appropriate constant C' > 3. This follows by observing that
Fla) = CaB/DBH/2 _ g f41/2(1 | gB/4 | 0B/2) — oP+1/2((0 — 1)2P/2 — 1 — gP/4)
> P20 — 1)2P/? =1 — 2P/?) = 2PF1/2((C - 2)2P/? — 1) > 0,
forz > 1 and C > 3.

We must check that v(0,t) remains bounded in [0,7]. From the boundary condition (44) we
have

)B-‘rl/Q

L+ VO + V)2V ()72 (76)

Q7 — Qﬁﬂum =0.
0

Since A(0,t) = 0, we get that u,Q?p; = —Q; for = :xO. Hence, we also get
y = —K(t)y o,
where
K(t) = pic(0,1)” = pieo(0)Y = K, y(t) =Q(0,1),  yo=Q(0,0),
where we have used that A(0,t) = 0. Hence,
ﬁ(yﬁ‘7 —yy ) =-Kt, or T =-K@B-t+y; "

Equivalently,
() = ") (K Gy = By e+ 1).
Consequently,

)1/(7—6)

0(0,1) = v(0,0) (K (3 = B)Q(0,0) Pt +1 < C(supco, inf Qo,sup Qo,T), ¢ € [0,T).

[0,1]  [0,1] [0,1]

In conclusion, from (76) we have
V(T) < C+ 3Fmax(V(T)(3/2)B+l/27 1>.

Since 3 < 1/3 we see that (3/2)3+1/2 < 1. Therefore, it is clear from the inequality = < C'(1+z%)
with 0 < £ < 1, that < G for some constant G. Consequently, V(T') < G where (in view of the
above estimates)

G = G(Cy, Cs, [ion1f] Qo, [SOUI]> Qo, T, [[uoll L2(n)s llcoll 2 (1))-
s ,1

Thus, the result (68) follows. O
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Now, we can directly deduce the following pointwise estimates which ensure that no transition
to single-phase flow occurs.

Corollary 3.2. There is a constant p = p(Ca,Cg) > 0 such that for (x,t) € [0,1] x [0,T], we
have

0<p<plzt), [1—dpl@t)<p—p<p (77)
: PL—H

0<p inf (¢) <n(z,t) < |——— ) sup (¢) < o0, 78

Mwe[&l]( ) (@9) <1 - Sque[O,l](C)) we[O,l]( ) (78)

forc=n/p.

Proof. In view of (39) and the bounds (47) and (68) it is clear that there is a p > 0 such that
(77) holds. Consequently,

. pL— K
O<p inf (¢)<n=cp< (—) sup (c) < o0,
w€[071]( ) 1 —SUPme[o,l](C) a:E[O,l]( )
where we have used the estimates (36) of Corollary 3.1. O
Corollary 3.3. We have the estimates
1 1
[@prazcn [ @mrazao (79)
0 0

fO’/” a constant 07 = 07(02, 04, 05, 06) and Cg = Cg(CQ, 04, 05, 06)

Proof. 1t follows that
2:Q(p. k)7 = BQ(p, k)’ 1 [Qp0up + Qudsk] = BQ(p, k)7 %axp + 0,k

In view of this calculation and the pointwise upper and lower limits for Q(p, k), as well as p, given
by (47), (68), and Corollary 3.2, it follows by application of Lemma 3.2 and Lemma 3.3 that the
first estimate of (79) holds. The second follows directly from the relation

Ogn = pOyc + cOyp, since n = c¢p,
and the corresponding estimate
1 1 1
/ (0yn)% dx < 2( sup p)2/ (02¢)* +2( sup 0)2/ (0xp)* dx < Cg,
0 z€[0,1] 0 z€[0,1] 0

where we use the first estimate of (79), Lemma 3.2 and Corollary 3.2. g

4. PROOF OF EXISTENCE RESULT

Now focus is on the model (20). All arguments in this section closely follow along the line
of [17], however, for completeness we include the main steps. First, we introduce the Friedrichs
mollifier js(z). Let ¢(x) € C§°(R) satisfy 1(x) = 1 when |z| < 1/2 and ¢(z) = 0 when |z| > 1,
and define ¢ := ¥(z/6).

Mollifying. We extend ng, pg, ug to R by using

no(1), =z € (1,00), po(1), z€(1,00),
no(:c) = nO(I)v T e [07 1]a Po(x) = pO(I)v T e [07 1]a
no(0), x € (—00,0), po(0), z € (—00,0),

whereas we extend ug(z) to R by defining it to be zero outside the interval [0,1]. Approximate
initial data (nd, p,ud) to (no, po, o) are now defined as follows:
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)= (no*js)(x),  po() = (po* js)(2),
ug = (uo * js) (@)1 = vs(x) — ¥s(1 — 2)] + (o * js) (0)ts(x) + (uo * j5) (1)os(1 — ) (80)

+ () QUe) P (0) / () dy — () Q(od) (1) / 51— y) dy.

Then it follows that n, pd € C'+2[0,1], ud € C?**+5[0,1] for any 0 < s < 1, and ng, pd and u are
compatible with the boundary conditions (23). Moreover, it follows that

|(ug * 75)(0)]2 /01 wgq dr < C’(S(/O(s uo(x)js(x) dx)zq

J g 2¢—1
< 05/ ug(l dl‘(/ j(?Q/(Qq—l)(x) dx) q
0 0

5
§C/ u(x)de — 0 asd — 0.
0

Similarly, it follows that |(ug * js5(1)|%4 fo (1 — z) dz — 0. Therefore, recalling the definition of

ud(z) we see that as § — 0,

ud — ug in L*(I). (81)
In addition,
nd — no, pS— po uniformly in [0, 1], (82)

as 0 — 0.

Now, we consider the initial boundary value problem (20)—(24) with the initial data (ng, po, uo)
replaced by (nd, pj,ud). For this problem standard arguments can be used (the energy estlmates
and the contraction mapping theorem) to obtaln the existence of a unique local solution (n°, p°, u®)
with n?,nd ns, nd,, p%, pS, po, pd. ul, ul ud ud, € C*/2([0, 1] [O,T*]) for some 7% > 0.

In view of the estimates of Sectlon 3.2, it follows that n® and p° are pointwise bounded from
above and below, (u®)9, n, and p} are bounded in L°°([0,T], L*(I)) and S is bounded in
L2((0,T),L*(I)) for any T > 0. Furthermore, we can differentiate the equations in (20) and
apply the energy method to derive bounds of high-order derivatives of (n°,p°,u%). Then the
Schauder theory for linear parabolic equations can be applied to conclude that the C'®%/2 (Dr)-
norm of n?, nf , ng, nfw, 00, pi., pf , pfw, ud, ui, uf, fw is a priori bounded. Therefore, we can continue

the local solution globally in time and obtain that there exists a unique global solution (n’, p°, u%)
of (20)—(24) with initial data (n, p3,u$) such that for any 7' > 0, the regularity of (29) holds.

Estimates and Compactness. Clearly, in view of the estimates of Section 3 and the model
itself (20), we have

1u52qx T 1n52$ T 152:6 T
/0< 242, 1) d +/0<z><,t>d +/0<pz)<,t>d <C. tel0.T] geN,

pL—
0 <Oty < (—
<uspts <1 — SUPge0,1] (C)) zzl[t)l,)l](C)’ (83)

0 f (¢) <nd(x,t) < (—PL—H f t)€0,1] x [0,T
<Mréﬁ) 1]( o S ni(m 1) < (17supm€[0,l](c))rz]i]{)l?l](C)7 or (@) € [0 1] {0.71,

/ / 12+ (p?) }(m,s)dwdsSC,

where the constants C,p > 0 do not depend on §. Note that the boundedness of p¢ (and n?) in
L2([0,T], L*(I)) follows in view of the equation p) + (p°)?ul = nA (and nf + n’pul = nA), the
estimates of Corollary 3.2, and the energy estimate (46) of Lemma 3.1. Hence, we can extract a
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subsequence of (n?, p?,u®), still denoted by (n°, p°,u?), such that as § — 0,
u® — u weak-* in L°°([0,T], L*¢(I)),
n® — n weak-* in L>([0, T], WL2(I)),
p° — p weak-* in L°°([0, T], WY3(I)),
(12, 8, 42) = (ne, prytz) weakly in L2((0,T), L3(I)).

Next, we show that (n, p, u) obtained in (84) in fact is a weak solution of (20)—(24). The classical
Sobolev imbedding (Morrey’s inequality) W'24(0,1) < C'=/(29)[0,1] applied with ¢ = 1 gives
that for any 1,22 € (0,1) and ¢ € [0, T

0% (21,t) = p° (22, 1) < Clay — o] /2. (85)

To control continuity in time, in view of the sequence of imbeddings W12(0,1) — L*(0,1) —
L?(0,1), we can apply Lions-Aubin lemma (see for example [20], Section 1.3.12) for a constant
v > 0 (arbitrary small) to find a constant C, such that

10°(t1) = p°(t2)[| oo (1) < VII0°(t1) — P°(t2) lwrzry + Cullp® (t1) — p° (t2) 21
<202 ()lwrzcry + Cults — ta| 2102 22 (0. 10,22 (1)) (86)
< Cv+C,Clty — ty]1/?,

(84)

where we have used (83) to derive the last two inequalities. Consequently, (85) and (86) together
with the triangle inequality show that {p°} is equi-continuous on Dy = [0,1] x [0, T]. Hence, by
Arzela-Ascoli’s theorem and a diagonal process for ¢, we can extract a subsequence of {p5}, such
that

p°(x,t) — p(z,t) strongly in C°(Dr). (87)
The same arguments apply to n yielding
n®(z,t) — n(x,t) strongly in C°(Drp). (88)

Clearly, p; is also bounded in L?([0, 7], L?(I)) and from the estimate

1 1, rt2 2 1 t2 2
lolt) = plt2) o = [ loter) = pteP o= [ | [Cpids| de < [ ([ loulds) do
0 0 t1 0 t

1
T 1
<t —t2|/ / p; dx ds,
o Jo

where we have used Hoélder’s inequality, we may also conclude that
p e CV2((0,T), L*(I)). (89)

Similarly, the same arguments apply to n. Thus, we conclude that the limit functions (n, p,u)
from (84) satisfy the first two equations n; + npu, = nA and p; + p?u, = nA of (28) for a.e.
x € (0,1) and any ¢ > 0. To show that the last integral equality holds, we multiply the third
equation of (20) by ¢ € C5°(D) with D = [0,1] x [0, 00) and integrate over (0,T") x (0, 1), followed
by integration by parts with respect to x and ¢. Taking the limit as § — 0, we see that (n, p,u)
also must satisfy weakly the third equation of (28).

5. A UNIQUENESS RESULT

In this section we present a uniqueness result for the two-phase model (20) similar to the one
presented in [10] for the gas-liquid model with A = 0 and the simplified momentum equation given
by (3). For that purpose we need more regularity of the fluid velocity u. More precisely, for initial
data ug € H(I) we have the following result.

Lemma 5.1. Let (n,p,u) be a weak solution of (20)—(24) in the sense of Theorem 2.1. If uy €
HY(I), then

we L2([0,T], HY(I)) N L([0,T], H*(I)),  wu, € L*([0,T], L*(1)). (90)



20 EVJE

More precisely, the following estimate holds:

lwtllL2(Dry + Uzl L2 (D7) + lwell Lo o, 11,22(1)) < C, (91)

where the constant C' depends on the quantities involved in the estimates of Lemma 3.1-3.4.

Proof. We consider the global smooth solutions (n’, p?,u’?) described in the previous section with
initial data (ng, pj,ug) which possess smoothness properties as described by (29). It follows that
(see Section 3 in [17] for more details)

Dyl — Opug in L2(I). (92)

For the coming calculation the superscript 0 is neglected. We multiply the third equation of (41)
by u; and integrate over [0,1] x [0,T]. Applying integration by parts together with the boundary
condition (44) we get

t 1 1 1
/0 /o uf dx ds — /0 [P(c, Q)uy — E(Q)ui] dx Jr/o [P(co, Qo)uo,e — E(Qo)uﬁ,z] dx

+/Ot/01[P(c,Q)—E(Q)ux]tuwdmds—i-/Ot/olut[cA]udxds:O.

For the first term on the second line of (93) we have

[P(c; Q) = BE(Q)uzlrus

= Q] Auz — Py’ Q7 (o) + (B + Q7 (ua)® — (8 + D[eAJQ"H (u0)® — Q7 (S ud)e,
where we have used the second equation of (41). Observing that

QP () = (5P R) — 5 (54 1QPQu = (GEQN2) + 3 (5+ DQ° Qs — cAQ(wa)?

= (GBQU2)+ 35+ DR () — 5 (8 + DeAIQ* (ua)?,

it follows that

/ot /OI[P@ Q) — E(Q)uglu, du ds

:—m/ / QT (u)? dr ds + — (ﬂ+1 pl/ / Q%2 (u,)? du ds
i [ [earanaras— Joan [ [ ea@ ) aras

1 1
- % / E(Q)u? dx+% /0 E(Qo)u , da.

From (93) and (94) it follows that

//utdfrds—i— /E Yu? da
1

- / E(Qo)uax dxr + / Pe,Q)u, do — P(cop, Qo)uo o dz
0 (95)

o / / QT () drds — S(5+ / / Q2 (u,)? du ds

77/0 /O [oQ]vAumddei(ﬂH)/o /O [cA]QB“(uI)deds/Ot/olut[cA}udmds.

The second term on the right hand side of (95) can be absorbed in the second term on the left
hand side by using the Cauchy inequality with

2ab < ea® + e 1b?, a,b>0, e>0. (96)

(93)

(94)
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Similarly, the last term on the right hand side of (95) can be absorbed in the first term on the left
hand side by use of the estimates of (83), the pointwise bound on [cA], and the inequality (96).
By application of the estimates of (83), regularity of initial data, and regularity on the mass flow
rate function A(z,t) the remaining terms on the right hand side of (95) can be estimated. We
then get an estimate of the form

//utdxds—i—/ U dm<C+C//Q5+2 3 dw ds. (97)

The last term of (97), in view of (83), can be estimated as follows:

//Qﬁ+2 Sdxds < C tmaX(Q+ﬁ )(,S)(/luidx>ds
0

0 z€[0,1]

<C | max |(B(Q)us — P(c,Q))(-, )|(/01u§dx)ds+c/ot/01u§dxds

0 z€]0,1]

<c/ /| (,Q)Mdm)(/oluidw)ds—i—C
70/ (/ (|ut|+|ucA|)dx)</1u dr) ds+ C
_2//utda;ds+ // [cAu] dmds—i—C’/ /u dac ds-i—C,

where we have used Sobolev’s inequality as well as (96) to obtain the last inequality. Inserting
this in (97) gives

t 1 1 t 1
/ / u? dx ds —|—/ ulde < C —|—/ ||um(s)||%2(1) / u? dx ds, vt € [0,T). (98)
0 Jo 0 0 0

Since fOT ||u$(8)|‘%2(1) ds < oo, in view of see (83), application of Gronwall’s inequality to (98)

gives the estimate
t 1 1
/ / ufdxds—k/ utdz < C. (99)
0

The last equation of (20), the estimates of (83) and the estimate (99) imply that

/ / Uy )? dzds < C. (100)
0

Thus, (90) and (91) have been shown. O
Taking advantage of the additional regularity of Lemma 5.1 we now derive a stability result.

Lemma 5.2. Let (n1,p1,u1) be an arbitrary weak solution of (20)-(24), in the sense of Theo-
rem 2.1, which also satisfies the reqularity of (90). Let (ng, p2,us) be another weak solution subject
to the same initial data. Then we have the stability estimate

[ur = ua|[ 22y + Q1 k) = Qp2, k) |72y
’ -1 —12 2 (101)
< | e (1R ™ = Qloa ) Eaqr + llus = walliagy) ) ds

where the non-negative constant C(s) satisfies fo s)ds < o0.

Proof. We consider the reformulated model as expressed by (41)—(45). In view of (37) of Corol-

lary 3.1 it follows ¢; = ¢2 := c¢. In the following it will be useful to work with the quantity
v =1/Q(pi, k), 1 = 1,2. We then get
@)+ pBQ]  wie = BleAIQ], ()i = pruig — [eAlvs, i =1,2. (102)

The last equation of (41) yields
(w1 —u2) + ([eQ(p1, k)] = [eQ(p2, k)] )a = —(ur — ua) [cA] + (Q(p1, k) "+ ury — Q(p2, k) uzg )
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Multiplying by (u; —usg), integrating over [0, 1] together with integration by parts and application
of boundary conditions (44) give

1d (!
5%/0 (u1 — ug)? dx
- / Qo1 B — Qo2 K)oty — iz), da

1 1
- / (u — ua)?[cA) dr — / (Qp1 )P sy — Q(pas K) iz ) (g — )

1ot 1t
=— [ (v;7 —vy ) (v —v2)e der—/ A (vy T — vy ) (v1 — vo)[cA] dx
PLJo P Jo
1 1
- / (o7 Y — 0 ) (i — g Yuz, da — / Qp1, k)" (urz — uge)? d
" ‘ (103)
- / (u1 — u9)?[cA] dx
0
1 ! ) 1 [t )
<——— i t - dr + — 2 t - d
S ot ), a(x,t)(vy —ve)* dx + o o ag(z,t)(v1 — v2)* dx

1 1 /1
+ % / AkAa(z,t) (v, —v)* dx + — / vy T = vy ") (v1 — v2)[cA] dx
0 Pt Jo
Co [ 2 ! 2 2 ! 2
+ 5 (u1z —ugg)*de+ C | (v1 —v2)*(ugy)” de — Cy (U1 — Ugq)” dx
0 0 0
1
+M/ (u1 — ug)? du,
0

for appropriate constants Cy and C'. Here we have used that

a(x,t) — M — /0 f/(T('Ul - 112) + ’02) dr = ’}//O (T(Ul — v2)1+ ,U2)(7+1) dT, (104)

U1 — V2

with f(v) = —v™7, i.e. f/(v) =y~ 50 that

1 1
/ vy —wy ") (01 = v2)rdr = */ alx,t)(vy —v2)(v1 — v2)s dx
0 0

1/t ~ 2
= _E/o a(z,t)((vy — v2)%)s dx

1d 1 1 1 1
= —f—/ Aalz,t) (v, —vo)*dax + = / Aag(z,t)(vy —v2)? dx + J / AkAa(z,t)(vy — ve)? da.
2dt J, 2/, 2 J,

In addition, we have used that |g(y1) — g(y1)| < max|g'(y)||y1 — y2| for g(y) = y~B*Y together
with the upper and lower limits for v;, i = 1,2 given by (83), as well as the inequality (96). These

estimates also imply that a(z,t) given by (104) has a positive lower limit on Dy = [0, 1] x [0,T].
Moreover,

ay(x,t) = /0 F(m(v1 — ) + v2)(T(v1 — vor) + voy) dT,

so that

1
las(z, )| < / |F7 (7 (v1 = v2) + v2)|[(Tlvie — vae| + [vae]) dT < C(lvre — vae| + vael),
0
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where C' depends on lower and upper limits of v; and vy. Consequently,
1

1
o Aag(x,t)(vy — ) dr < C'/ (|1 — var| + |vag ) (v1 — vo)? da
0

1 1
= C/ |v1e — var|(v1 —v2)2 dac—i—C/ |vae| (v1 —v2)2 dx
0 0

1 1 1
< C’e/ (v1¢ — v2t)? (V1 — v2)? dz—l—C&fl/ (v1 — v2)? dm+C’/ lvae|(v1 — v2)? dx
0 0 0

C 1 1
< 4—02/ (vt — voy) dx + C/ (1 4+ Jvge|) (v — v2)? dx
Pr Jo 0
Co (! CoM? ! !
=20 (U1, — u2$)2 dr + =2 5 / (v — 112)2 dxr + C’/ (1 + |vae|) (01 — 112)2 dx,
4 Jo 4p; 0 0

where we have used (96) with an appropriate choice of £ > 0, the upper and lower limits of v; and
vg, and (102). Inserting this in (103) we get

1d [* 1 d [* Co [*
f—/ (up — ug) doe + — — c’ya(;mt)(m — v2)2 doe + =2 / (U1, — ugm)2 dx

1 1 1
gC’/ (1 + piluge| + Mwvs)(vy *”UQ)Q d:r+D/ (v17v2)2(uQm)2dx+M/ (uq qu)Q dx
0 0 0
1 1
< c/ (1 + pulusa])? + Muvs](vr — v9)2 da + M/ (ur — up)? da,
0 0

(105)

for a suitable choice of the constant C. Integrating over [0,¢] we get the inequality

1 1 t el
/ (ug — ug)* da + / Aa(x,t)(vy —v2)*da + / / (U12 — uoz)? da ds
0 0 o Jo

t el t el
< C/ / [(1 4 |uge|)? + Muvg)(v1 — v2)* da ds + M/ / (uy — ug)*dx ds.
0 Jo 0 Jo

Using that inf,cjo1)a(z,t) > 0 and inf,¢cjo 1) c(x,t) > 0 as well as the pointwise upper bound on
V2 we get

/0 (ug — ug)*(z,t) de —|—/O (v1 — vo)?(x,t) dx

(106)

t 1 t 1
< C/ / (1 + |uge|)*(v1 — vo)?(x, 8) da ds + M/ / (uy — uz)?(z,s) da ds (107)
0 0 0 0
t 1 t 1
gc/ ||(1+|u2m|)2\|m1)/ (01— v2)2(z, 5) dacds—i—M/ / (a1 — us)* (2, 8) da ds.
0 0 0 0

From this the estimate (101) follows. Finally, by Sobolev’s imbedding theorem we have || f|| (1) <
C|| fllw.1(ry which implies that

t t
J I+ w2y ds <€ [ 10+ una) Pl ds
0 0

t 1 t o1
:C/ / (1 + uge)? d:rds—i—C/ / I((1 + uop)?)s| da ds
0o Jo o Jo

t 1
SC’—FC’// [(1 + w2y )Ugss| d ds

1/2 1/2
<C—|—C// 1+ ug,)? dxds //uQdeds <,

since ug € L*([0,T], H*(I)) N L3([0,T], H*(I)) (see Lemma 5.1). O
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Now, we can conclude that the following uniqueness result holds.

Theorem 5.1 (Uniqueness). Under the assumptions of Theorem 2.1 and the additional regularity
assumption ug € H(I), the weak solutions are unique.

Proof. Clearly, the results of Lemma 5.1 and Lemma 5.2 hold which lead to the inequality (101).
Thus, application of Gronwall’s inequality to (101) yields immediately that

Qpr(z,t), k) = Qlp2(x,1), k),  wi(z,t) =us(x,t)  ae (x,t) € Dp =[0,1] x [0,T].
The fact that Q(p, k) is monotone relatively p implies the desired result. O
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